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A TAMED IMPLICIT-EXPLICIT SCHEME FOR STOCHASTIC
CAHN-HILLIARD EQUATION DRIVEN BY MULTIPLICATIVE NOISE∗

CAN HUANG† AND JIE SHEN‡

Abstract. A fully discrete implicit-explicit scheme for stochastic Cahn-Hilliard equation driven by
multiplicative noise in a two-dimensional setting is considered in this paper. The spatial discretization
is a polynomial based spectral method and the temporal discretization is a tamed semi-implicit scheme
which treats the nonlinear term explicitly. We show that the scheme is unconditionally stable under
various norms, and establish optimal strong convergence rates. We also present numerical experiments
to validate our theoretical results.
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1. Introduction
We consider the following Cahn-Hilliard equation perturbed by multiplicative noise

du=Aµdt+G(u)dWQ(t), x∈O⊂R2,

µ=−Au+F (u),
∂u

∂n
=
∂µ

∂n
=0,x∈∂O,

u(0,·)=u0(x),

(1.1)

in a separable Hilbert space H(O) equipped with norm ∥·∥, where A is the Neu-
mann Laplacian operator, and F and G are Nemytskii operators defined by F (u)(ξ) :=
f(u(ξ))=u(ξ)3−u(ξ),G(u)(ξ) :=g(u(ξ)), ξ∈O respectively, WQ(t) is the Q-Wiener
process on the probability space (Ω,F ,{Ft}t≥0,P) defined by (cf. [20])

WQ(t)=

∞∑
j=1

√
qjejβj(t),

where βj(t) are independent standard Wiener processes, {ej}∞j=1 are orthonormal basis

of L2(O), which are not necessarily eigenfunctions of A in O. Note that if the noise is
additive, i.e. g(u)= I, the Equation (1.1) reduces to the well-known Cahn-Hilliard-Cook
(CHC) equation.

We recall that for p≥1 and some γ∈ (0,3/2) depending on smoothness of noise,
(1.1) admits a unique mild solution (cf. [2])

u(t)=e−tA2

u0−
∫ t

0

e−(t−s)A2

Af(u(s))ds+

∫ t

0

e−(t−s)A2

g(u)dWQ(s), a.s. (1.2)

provided that u0(x)∈Hγ(O). Furthermore, E sup
t∈[0,T ]

∥u(t)∥pHγ ≤C (cf. [4, 5]).
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The main goals of this work are (i) to study the spatial regularity of (1.2), (ii)
to propose an unconditionally stable tamed scheme with a spectral approximation in
space for (1.1); and (iii) to carry out a stability and error analysis of the full discretized
scheme.

We now briefly describe our approach and main results. First, we note that optimal
spatial regularity of stochastic CHC equation has been obtained in [25]. Following
a similar approach, our first step is to show that the solution u∈Lp(Ω;C([0,T ],Hγ))
under Assumptions 2.1-2.2 below (see Theorem 2.1), where γ is the largest constant
that makes these assumptions fulfilled. Applying (−A)

γ
2 on both sides of (1.2), one

easily obtains

E∥(−A)
γ
2 u(t)∥2≤3

∥∥(−A) γ
2 e−tA2

u0
∥∥2+3E

∥∥∥∥(−A) γ
2

∫ t

0

e−(t−σ)A2

Af(u(σ))dσ

∥∥∥∥2
+3E

∥∥∥∥(−A) γ
2

∫ t

0

e−(t−σ)A2

g(u(σ))dWQ(σ)

∥∥∥∥2.
The bound of the first term is trivial if u0 is sufficiently smooth and that of the second
term can be derived by divide and conquer technique. The bound of the last one heavily
relies on generalized Gronwall’s inequality so as to ease a regularity restriction of g in

Assumption 2.1, which is consistent with its additive counterpart (∥(−∆)
γ−2
2 Q

1
2 ∥HS<

∞).
In the aspect of temporal discretization, an essential difficulty in designing efficient

algorithms for stochastic Cahn-Hilliard equation resides in its nonlinear term: an im-
plicit treatment leads to a nonlinear system to solve at each time step, while an explicit
treatment may lead to stability issues and also significantly increases the difficulties in
analysis. A tamed method, which treats the nonlinear term explicitly, has been used
for solving stochastic ODEs with locally Lipschitz conditions (cf. [9, 26]), and more re-
cently, for solving stochastic Allen-Cahn equations (cf. [8, 24]). Following this manner,
we propose the following tamed time discretization for (1.1):u

n+1−un= τ∆µn+1+g(un)∆Wn,

µn+1=−∆un+1+
1

(1+τ∥∆f(un)∥2)
f(un),

(1.3)

where ∆Wn=WQ(tn+1)−WQ(tn)∼N(0,Qτ). The above scheme only requires solving
a linear equation with constant coefficients at each time step for each sample, on the
other hand, fully implicit schemes, which require solving a nonlinear equation at each
time step for each sample, are widely used in literature [5, 15,17,25].

The spatial discretization for (1.3) is based on a Legendre-Galerkin method [21]
with a set of specially constructed Fourier-like discrete eigenfunctions of A (cf. [21]),
which are mutually orthogonal in both L2(O) and H1(O), as basis functions. Coupled
with the tamed scheme (1.3), our full discretized scheme is fully decoupled as the widely
used Fourier spectral method (cf. [3,5,11,12,24] etc), but has the following advantages:

• For problems with non-periodic boundary conditions, the Legendre-Galerkin
method can achieve faster convergence rate than the Fourier spectral method for
solutions with higher regularity, while Fourier spectral approximation may have
certain advantages for SPDEs with lower spatial regularity (cf. [3, 11,12,24]).

• Using the Legendre-Galerkin method can circumvent the commutativity restric-
tion between the elliptic operator A and the covariance operator Q of WQ(t)
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in (1.1) pointed out by Jentzen, Kloeden and Winkel [11]: The eigenfunctions
of the dominating linear operator and of the covariance operator of the deriving
additive noise process of the SPDE must coincide and must be known explicitly.

Let {ukN}, where N is the highest degree of polynomials in the Legendre-Galerkin
method, be the solution of our fully discretized scheme (see (3.2) below), we shall show
that, under usual assumptions on g and u0, (3.2) is unconditionally stable in the sense
that

E

[
sup

0≤k≤M−1
∥ukN∥q∞

]
≤C(T,q,∥u0∥), u0∈Hγ(O),γ≥2, (1.4)

where C is a constant independent of M and N (see Theorem 3.3). This result controls
the growth of nonlinear term and also provides an essential ingredient for the conver-
gence analysis. With this stability result in hand, we shall prove the following strong
convergence result (Theorem 4.3):

E∥u(tn)−unN∥2≤C(τ+N−2γ), γ≥2. (1.5)

We point out that this error analysis is valid for d=2 but requires a more restrictive
stability result, i.e. Theorem 3.2-Theorem 3.4, compared with the tamed Legendre-
Galerkin scheme for stochastic Allen-Cahn equations (cf. [8]).

In summary, the main contributions of this work are as follows:

• We propose an implicit-explicit unconditionally stable fully discretized scheme
for (1.1). In each time step, we only need to solve an elliptic equation with
constant coefficients. Furthermore, by using suitable basis functions, our fully
discretized scheme can be fully decoupled;

• We establish optimal convergence rate in both space and time by exploring
regularity of the exact solution u(t)∈Hγ under usual assumptions;

• Our scheme avoids the commutativity restriction [11] on the elliptic operator
A and covariance operator Q of WQ(t), which is assumed in most of existing
works on spectral methods for stochastic Cahn-Hilliard or stochastic Allen-Cahn
equation. Hence, its range of applications is significantly enlarged.

The outline of this paper is as follows. In Section 2, some preliminaries including our
main assumptions and optimal spatial regularity for solutions of (1.1) are presented.
In Section 3, we present our fully discretized scheme and show it to be unconditionally
stable in various norms. In Section 4, we derive an optimal convergence result for our
fully discrete scheme under suitable assumptions. We present in Section 5 an efficient
implementation of our scheme followed by some numerical results to validate our scheme
and theoretical results.

2. Preliminaries

In this section, we present some key ingredients for our algorithm development and
convergence analysis.

2.1. Spaces and norms. We begin with notations. Denote H=L2(O) with
normal inner product (·,·) and norm ∥·∥, and

Ḣ=

{
v∈H :

∫
O
vdx=0

}
.
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Let P be the orthogonal projector from H to Ḣ. Then

(I−P )v= |O|−1

∫
O
vdx

is the average of v.

Since A is a negative definite, self-adjoint, unbounded, linear operator on Ḣ with
compact inverse, it generates an analytic semigroup E(t)=e−tA2

,t≥0 on Ḣ. Moreover,
−A has an orthonormal basis with corresponding eigenvalues {λj}∞j=0 satisfying

0=λ0<λ1≤λ2≤···λj ≤··· , λj →∞.

In particular, the first eigenfunction is a constant, which is |O|−1/2 (cf. [15]). Conse-
quently, the fractional powers of (−A) and its domain Hr :=dom((−A) r

2 ) for all r∈R

can be defined. In particular, (−A)rv=
∞∑
j=1

λrj(v,ej)ej ,v∈dom(−A)r. Thus, the associ-

ated semi-norm is given by

|v|r=∥(−A) r
2 v∥=

( ∞∑
j=0

λrj |(v,ej)|2
) 1

2

. (2.1)

Then, the following inequalities hold (cf. [18, Theorem 6.13], [25]).

(i) For any r≥0, it holds that

(−A)rE(t)x=E(t)(−A)rx, for x∈H2r,

and there exists a constant C such that

∥(−A)rE(t)∥≤Ct− r
2 , t>0; (2.2)

(ii) For any 0≤ r≤2, there exists a constant C such that

∥(−A)−r(E(t)−I)∥≤Ct r
2 , t>0. (2.3)

When the domain of A is extended to H, it is understood that for v∈H

Av=APv, and

E(t)v=e−tA2

v=

∞∑
j=1

e−tλ2
j (v,ej)ej+(v,e0)e0=Pe

−tA2

v+(I−P )v. (2.4)

Let VN be the space of polynomials with degree ≤N . We define V̇N =PVN , that
is,

V̇N =

{
vN ∈VN :

∫
O
vNdx=0

}
and we define the “discrete Laplacian” AN :VN →VN by

−(ANvN ,wN )=(∇vN ,∇wN ), vN ∈VN ,wN ∈VN .

Clearly, AN is negative definite, self-adjoint on V̇N and its eigenvalues {−λj,N}Nj=0

satisfy

0=λ0,N <λ1,N ≤λ2,N ≤···≤λN,N .
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Let PN :H→VN be the standard L2 projection, so is PN : Ḣ→ V̇N .

Let U and V be two Hilbert spaces. We denote the norm in Lp(Ω,F ,P;U) by
∥·∥Lp(Ω;U), that is,

∥Y ∥Lp(Ω;U)=
(
E
[
∥Y ∥pU

]) 1
p , Y ∈Lp(Ω,F ,P;U).

Denote by L1(U,V ) the nuclear operator space from U to V and for T ∈L1(U,V ), its
norm is given by

∥T∥L1
=

∞∑
i=1

|(Tei,ei)U | and Tr(T )=
∞∑
i=1

(Tei,ei)U

for any orthonormal basis {ei} of U . In this work, we assume that WQ(t) is of trace
class, i.e. Tr(Q)<∞. Let L2(U,V ) be the Hilbert-Schmidt space such that for any
T ∈L2(U,V )

∥T∥HS =∥T∥L2(U,V )=

( ∞∑
i=1

∥Tei∥2
)1/2

<∞.

Following [16], we introduce the space U0 :=Q
1
2 (U) together with its inner product

(u0,v0)U0
=(Q− 1

2u0,Q
− 1

2 v0)U , ∀u0,v0∈U0.

Furthermore, we introduce the notations L0
2 :=L2(U0,H) with its norm

∥T∥L0
2
=∥TQ 1

2 ∥L2(U,H), ∀T ∈L(U,H)

and L0
2,r=L2(U0,H

r) with its norm

∥T∥L0
2,r

=∥(−A) r
2 T∥L0

2
.

Remark 2.1. Since G is a Nemytskii operator induced by g and WQ(t) is of trace-
class, one can have

∥G(u)∥2L0
2
=∥g(u)Q 1

2 ∥2L2 =

∞∑
j=1

(g(u)Q
1
2 ,ej)

2=

∞∑
j=1

qj(g(u),ej)
2≤Tr(Q)∥g(u)∥2. (2.5)

We shall start with the Burkholder-Davis-Gundy inequalilty for a sequence of H-
valued discrete maringales (cf. [10, 14]).

Lemma 2.1. Let p≥2 and {Zm} be a sequence of H-valued random variables with
bounded p-moments such that E[Zm+1|Z0,· ·· ,Zm]=0 for all 1≤m≤N−1. Then there
exists a constant C=C(p) such that

(
E

∥∥∥∥ m∑
i=0

Zi

∥∥∥∥p) 1
p

≤C
( m∑

i=0

(E∥Zi∥p)
2
p

) 1
2

. (2.6)
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2.2. Inequalities. The following lemmas are indispensable ingredients for our
stability and convergence analysis.

Lemma 2.2 (Generalized Gronwall inequality [7]). Let T >0 and C1,C2≥0 and let
u(t) be a nonnegative and continuous function and β>0. If the following inequality
holds

u(t)≤C1+C2

∫ t

0

(t−s)β−1u(s)ds, (2.7)

then there exists a constant C=C(T,C2,β) such that

u(t)≤CC1. (2.8)

Lemma 2.3 (Discrete generalized Gronwall inequality [7]). For τ >0, denote tj =
jτ,j=1,· ·· ,M withMτ =T . Let C1,C2≥0 and let {ϕj}Mj=1 be a sequence of nonnegative
numbers. If for β∈ (0,1], we have

ϕj ≤C1+C2τ

j−1∑
i=1

tβ−1
j−i ϕi. (2.9)

Then,

ϕj ≤C(C1,C2,T,β).

Lemma 2.4. Let An,Bn,rn be sequences of nonnegative numbers with A0=B0=0.
For given C0, τ >0, if for each k,

A2
k+1−(1+C0τ)A

2
k+ |Ak+1−Ak|2+

7τ

4
B2

k+1≤ τr2k+
τ

2
B2

k, (2.10)

then

A2
n+1+τ

n∑
k=1

B2
k ≤ τ

n∑
k=0

(1+C0τ)
n−kr2k. (2.11)

Proof. Lowering the index k in (2.10) by 1, we find

A2
k−(1+C0τ)A

2
k−1+ |Ak−Ak−1|2+

7τ

4
B2

k ≤ τr2k−1+
τ

2
B2

k−1. (2.12)

Multiplying (2.12) by (1+C0τ) and summing up with (2.10) gives

A2
k+1−(1+C0τ)

2A2
k−1+

1∑
l=0

(1+C0τ)
l|Ak−l+1−Ak−l|2+

7τ

4
B2

k+1

+

[
7τ

4
(1+C0τ)−

τ

2

]
B2

k ≤ τ

1∑
l=0

(1+C0τ)
lr2k−l+

τ

2
B2

k−1. (2.13)

Repeating this process for k=1 to n, we can arrive at

A2
n+1+

n∑
k=0

(1+C0τ)
k|An−k+1−An−k|2+

7τ

4
B2

n+1

+

n∑
k=1

[
7τ

4
(1+C0τ)−

τ

2

]
(1+C0τ)

n−kB2
k ≤ τ

n∑
k=0

(1+C0τ)
kr2n−k, (2.14)
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which implies the desired result.

Lemma 2.5 ([8]). There exist positive constants c1 and c2 independent of N and τ
such that

c1∥(−∆N )γvN∥≤∥(−∆)γvN∥≤ c2∥(−∆N )γvN∥, −1

2
≤γ≤ 1

2
. (2.15)

2.3. Spatial regularity of u(t). We first describe some essential assumptions.

Assumption 2.1 (Linear growth and Lipschitz condition). The mapping g(v) satisfies

∥g(u)∥L0
2,ν

≤ c(1+∥u∥ν), u∈Hν(O), (ν=0,1,γ−2+ϵ,γ)

and

∥g(u)−g(v)∥L0
2,ν

≤ c∥u−v∥ν , u,v∈Hν(O), (ν=−1,0).

Assumption 2.2 (Initial condition). The initial condition u0 is F0/B(Hγ)-
measurable and

E∥u0∥pγ ≤C, p≥2.

We now proceed to exploit the regularity of (1.2) under these assumptions.
Note that various spatial regularities have been established under the conditions

∥(−A)
γ−2
2 Q

1
2 ∥HS<∞ (cf. [15,25]) for additive noise case.

Theorem 2.1. Let Assumptions 2.1-2.2 be fulfilled and let O be a bounded convex
spatial domain with smooth boundary. Then, for any p≥2, the unique mild solution
u(t) of (1.1) satisfies

sup
t∈[0,T ]

E∥u(t)∥pγ<C, γ >0,

where γ is the largest constant allowed by Assumptions 2.1 and 2.2.

Furthermore, sup
t∈[0,T ]

E∥f(u(t))∥Lp(Ω;Hγ)<C provided γd>1.

Proof. We start with (1.2). For any t>0,

∥u(t)∥Lp(Ω;Hγ)≤
∥∥(−A) γ

2E(t)u0
∥∥
Lp(Ω;H)

+

∥∥∥∥(−A) γ
2

∫ t

0

E(t−σ)Af(u(σ))dσ
∥∥∥∥
Lp(Ω;H)

+

∥∥∥∥(−A) γ
2

∫ t

0

E(t−σ)g(u(σ))dWQ(σ)

∥∥∥∥
Lp(Ω;H)

. (2.16)

The assumption on u0 :Ω→Hγ implies the bound for the first term∥∥E(t)(−A)
γ
2 u0

∥∥
Lp(Ω;H)

≤∥u0∥Lp(Ω;Hγ)<C. (2.17)

For the last term in (2.16), we have by Assumption 2.1∥∥∥∥∫ t

0

(−A)
γ
2E(t−σ)g(u(σ))dWQ(σ)

∥∥∥∥
Lp(Ω;H)
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≤C(p)
(∫ t

0

(
E
∥∥(−A) γ

2E(t−σ)g(u(σ))
∥∥p
L0

2

) 2
p dσ

) 1
2

≤C(p)
(∫ t

0

(
E
∥∥(−A) 2−ϵ

2 E(t−σ)(−A)
γ−2+ϵ

2 g(u(σ))
∥∥p
L0

2

) 2
p dσ

) 1
2

≤C
(∫ t

0

(t−σ)
ϵ−2
2

(
E∥g(u(σ))∥pL0

2,γ−2+ϵ

) 2
p dσ

) 1
2

≤C
(∫ t

0

(t−σ)
ϵ−2
2

(
C+E∥(u(σ))∥pL0

2,γ−2+ϵ

) 2
p dσ

) 1
2

≤C
(∫ t

0

(t−σ)
ϵ−2
2 ∥u(σ)∥2Lp(Ω;Hγ)dσ

) 1
2

+C, (2.18)

where ϵ>0 is arbitrarily small.

Therefore, we only need to bound the second term in (2.16). To this end, we consider
γ in different intervals and conquer each in turn. The case γ∈ (0,1] has been covered
in [4, 5].

(i) Case γ∈ (1,2),∥∥∥∥(−A) γ
2

∫ t

0

E(t−σ)Af(u(σ))dσ
∥∥∥∥
Lp(Ω;H)

≤
∫ t

0

(t−σ)−
γ+2
4 ∥f(u(σ))∥Lp(Ω;H)dσ<C.

(2.19)

Therefore, u(t)∈Lp(Ω;Hγ) by the generalized Gronwall’s inequality (Lemma 2.2) using
(2.17),(2.19) and (2.18). Since γ >1, we have Hγ(O) is a Banach algebra for d=1 or 2
(cf. [1, Page 106]). Hence, sup

t
E∥f(u(t))∥pγ<∞.

(ii) Case γ=2.

From the previous case, one has u(t)∈Lp(Ω;H
7
4 ) and sup

t
E∥f(u(t))∥p7

4

<∞. There-

fore, ∥∥∥∥∫ t

0

A2E(t−s)f(u(s))ds
∥∥∥∥=∥∥∥∥∫ t

0

(−A) 9
8E(t−s)(−A) 7

8 f(u(s))ds

∥∥∥∥
≤C

∫ t

0

(t−s)− 9
16 ∥f(u(s))∥

Lp(Ω;H
7
4 )
ds<C. (2.20)

Therefore, u(t)∈Lp(Ω;H2) and sup
t
E∥f(u(t))∥p2<∞ by the similar reason as in the

previous case .

(iii) Case γ∈ (2,4).
By virtue of the results of case (ii),∥∥∥∥∫ t

0

(−A)
γ
2E(t−σ)Af(u(σ))dσ

∥∥∥∥
Lp(Ω;H)

≤
∫ t

0

(t−σ)−
γ
4 ∥f(u(σ)∥Lp(Ω;H2)dσ<C.

(2.21)

We repeat the above process for arbitrarily large γ as long as both (2.17) and (2.18)
hold or Assumptions 2.1 and 2.2 hold.

The proof is completed.
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For later use, we present a local Lipschitz continuity for the nonlinear f .

Lemma 2.6. For d=1,2 and γ >1,

∥(−AN )−
1
2PN (f(u)−f(v))∥≤C(1+∥u∥21+∥v∥21)∥u−v∥, u,v∈H1(O); (2.22)

∥(−AN )
1
2PN (f(u)−f(v))∥≤C(1+ |u|21+ |v|21+∥u∥2∞+∥v∥2∞)|u−v|1, u,v∈H1(O). (2.23)

Proof. The first inequality can be found in [15] and we only prove the second one.
By using (2.15) and the embedding H1 ↪→Lq, where q is large

∥(−AN )
1
2PN (f(u)−f(v))∥≤C∥∇(f(u)−f(v))∥

≤C∥∇(u−v)(u2+uv+v2)∥+C∥(u−v)∇(u2+uv+v2)∥
≤C|u−v|1(∥u∥2∞+∥v∥2∞)+C∥u−v∥Lq∥u∇u+u∇v+v∇u+v∇v∥

L
q

q−1

≤C|u−v|1(∥u∥2∞+∥v∥2∞)+C|u−v|1(|u|21+ |v|21), (2.24)

where we have computed

∥u∇v∥
L

q
q−1

:=∥u∇v∥L1+ϵ ≤|v|1∥u∥∞≤ |v|21
2

+
∥u∥2∞
2

. (2.25)

3. Stability analysis
We first discretize the scheme (1.3) in space using a mixed weak formulation as

follows:

(un+1
N −unN ,ϕ)=−τ(∇µn+1

N ,∇ϕ)+(g(unN )∆Wn,ϕ), ∀ϕ∈ V̇N (3.1a)

(µn+1
N ,ψ)=−(∆un+1

N ,ψ)+
1

(1+τ∥∆f(unN )∥2)
(Pf(unN ),ψ), ∀ψ∈ V̇N , (3.1b)

where the discrete spaces are described in the last section. We shall establish an un-
conditional stability result for (3.1a)-(3.1b), which turns out to be more restrictive and
more involved compared with its fully-implicit counterpart (cf. [5, 15,17,25]).

Similar as [15,25], with AN and PN in our hands, we can rewrite the above equation
into abstract form

uk+1
N −ukN =−τA2

Nu
k+1
N − τANPNPf(u

k
N )

1+τ∥∆f(unN )∥2
+PN [g(ukN )∆W k] (3.2)

or

unN =En
NPNu0−

n∑
k=1

∫ tk

tk−1

En−k+1
N ANPNPf(u

k−1
N )

1+τ∥∆f(uk−1
N )∥2

ds

+

n∑
k=1

∫ tk

tk−1

En−k+1
N PN [g(uk−1

N )dWQ(s)], (3.3)

where En
N =(I+τA2

N )−n,1≤n≤M, which is an approximation of e−tnA
2
N .

It is obvious that

En
NPNv=

N∑
j=0

(1+τλ2
j,N )−n(PNv,ϕj,N )ϕj,N

=

N∑
j=1

(1+τλ2
j,N )−n(PNv,ϕj,N )ϕj,N +

1

|Ω|

∫
Ω

vdx=PEn
NPNv+(I−P )v. (3.4)
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Here, ϕj,N are eigenfunctions of −AN .

Denote by r(z) :=(1+z)−1, and we can have En= r(τA2
N )n. Furthermore, from

(cf. [22, Theorem 7.1]), there exist constants C and c such that

|r(z)−e−z|≤Cz2, |r(z)|≤e−cz, ∀z∈ [0,1]. (3.5)

Similar to [22, Lemma 3.9], one also has the following smoothing property

∥(−AN )µEn
NyN∥≤Ct−

µ
2

n ∥yN∥, yN ∈VN . (3.6)

We next prove our first unconditional stability property of the scheme.

Theorem 3.1. The scheme (3.1a)-(3.1b) is unconditionally stable in the sense that

E sup
0≤n≤M

∥unN∥2m≤C(∥u0∥,T,K,m), ∀ m≥1.

Proof. The proof is divided into two steps.

Step 1: Choosing ϕ=un+1
N −unN in (3.1a) and ψ= τ∆(un+1

N −unN ) in (3.1b), and
carrying out integration by parts lead to

∥un+1
N −unN∥2=−τ(∇µn+1

N ,∇(un+1
N −unN ))+(g(unN )∆Wn,un+1

N −unN ),

−τ(∇µn+1
N ,∇(un+1

N −unN ))=−τ(∆un+1
N ,∆un+1

N −∆unN )

+
τ

1+τ∥∆f(unN )∥2
(∆f(unN ),un+1

N −unN ). (3.7)

Adding up these two identities gives

∥un+1
N −unN∥2+ τ

2
∥∆un+1

N ∥2+ τ

2
∥∆un+1

N −∆unN∥2

=
τ

2
∥∆unN∥2+(g(unN )∆Wn,un+1

N −unN )+
τ

1+τ∥∆f(unN )∥2
(∆f(unN ),un+1

N −unN )

≤ τ

2
∥∆unN∥2+∥g(unN )∆Wn∥2+ 1

2
∥un+1

N −unN∥2+ τ2∥∆f(unN )∥2

1+τ∥∆f(unN )∥2
. (3.8)

Therefore,

∥un+1
N −unN∥2+τ∥∆un+1

N ∥2+τ∥∆un+1
N −∆unN∥2

≤τ∥∆unN∥2+2∥g(unN )∆Wn∥2+2τ. (3.9)

Summing over n implies

τ∥∆un+1
N ∥2+τ

n∑
j=0

∥∆uj+1
N −∆ujN∥2≤2

n∑
j=0

∥g(ujN )∆W j∥2+2T +τ∥∆u0N∥2. (3.10)

Taking m-th power and then expectation on both sides, we have

E(τ∥∆un+1
N ∥2)m+E

(
τ

n∑
j=0

∥∆uj+1
N −∆ujN∥2

)m

≤CE
( n∑

j=0

∥g(ujN )∆W j∥2
)m

+CTm+CE(τ∥∆u0N∥2)m
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≤Cnm−1E

n∑
j=0

∥g(ujN )∆W j∥2m+C

≤CτE
n∑

j=0

∥g(ujN )∥2m+C≤Cτ
M−1∑
j=0

E sup
0≤j≤M−1

∥ujN∥2m+C, (3.11)

where we have used Assumption 2.1 (with ν=0) in the last step.

Step 2: Similarly, choosing ϕ=un+1
N in (3.1a) and ψ= τ∆un+1

N in (3.1b) implies

1

2
(∥un+1

N ∥2−∥unN∥2+∥un+1
N −unN∥2)=−τ(∇µn+1

N ,∇un+1
N )+(g(unN )∆Wn,un+1

N ),

−τ(∇µn+1
N ,∇un+1

N )=−τ∥∆un+1
N ∥2+ τ

1+τ∥∆f(unN )∥2
(Pf(unN ),∆un+1

N ). (3.12)

Let us handle the drift term next. By the Gargliardo-Nirenberg inequality,

−τ(∇f(unN ),∇unN )= τ∥∇unN∥2−3τ(unN∇unN ,unN∇unN )≤ τ∥∇unN∥2

≤Cτ∥unN∥∥∆unN∥≤Cτ∥unN∥2+ τ

4
∥∆unN∥2

≤Cτ∥unN∥2+ τ

2
∥∆un+1

N ∥2+ τ

2
∥∆un+1

N −∆unN∥2. (3.13)

Adding up the equations in (3.12), we have by Assumptions 2.1-2.2

1

2
(∥un+1

N ∥2−∥unN∥2+∥un+1
N −unN∥2)+τ∥∆un+1

N ∥2

=
−τ

1+τ∥∆f(unN )∥2
(∇f(unN ),∇un+1

N )+(g(unN )∆Wn,un+1
N ),

=
−τ

1+τ∥∆f(unN )∥2
(∇f(unN ),∇(un+1

N −unN ))− τ

1+τ∥∆f(unN )∥2
(∇f(unN ),∇unN )

+(g(unN )∆Wn,un+1
N −unN )+(g(unN )∆Wn,unN ),

≤ τ

1+τ∥∆f(unN )∥2

(
τ∥∆f(unN )∥2+ 1

4τ
∥(un+1

N −unN )∥2
)
+Cτ∥unN∥2+ τ

2
∥∆un+1

N ∥2

+
τ

2
∥∆un+1

N −∆unN∥2+∥g(unN )∆Wn∥2+ 1

4
∥un+1

N −unN∥2+(g(unN )∆Wn,unN )

≤τ+ 1

2
∥un+1

N −unN∥2+Cτ∥unN∥2+ τ

2
∥∆un+1

N ∥2+ τ

2
∥∆un+1

N −∆unN∥2

+∥g(unN )∆Wn∥2+(g(unN )∆Wn,unN ). (3.14)

Denote by B=1+Cτ . Using the elementary inequality 1+x≤ex, x≥0 gives

Bn=

(
1+

CT

M

)n

≤eCT , n≤M. (3.15)

Hence, summing over n in (3.14) leads to

∥un+1
N ∥2+τ

n∑
j=0

Bn−j∥∆uj+1
N ∥2≤Bn+1∥u0

N∥2+2T

n∑
j=0

Bn−j +τ

n∑
j=0

Bn−j∥∆uj+1
N −∆uj

N∥2

+

n∑
j=0

Bn−j∥g(uj
N )∆W j∥2+

n∑
j=0

Bn−j(g(uj
N )∆W j ,uj

N ). (3.16)
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Next, we take m-th moment on both sides of (3.16) and obtain

sup
0≤n≤M−1

∥un+1
N ∥2m

≤C∥u0N∥2m+CTm+C

[M−1∑
j=0

∥g(ujN )∆W j∥2
]m

+C

(
τ

M−1∑
j=0

∥∆uj+1
N −∆ujN∥2

)m

+C sup
0≤n≤M−1

∣∣∣∣ n∑
j=0

(g(ujN )∆W j ,ujN )

∣∣∣∣m. (3.17)

Since (g(ujN )∆W j ,ujN ) are martingales independent from each other, we have by the
discrete BDG inequality (Lemma 2.1),

E sup
0≤n≤M−1

∣∣∣∣ n∑
j=0

(g(ujN )∆W j ,ujN )

∣∣∣∣m

≤C
(M−1∑

j=0

[E(|(g(ujN )∆W j ,ujN )|m]
2
m

)m
2

≤C
(M−1∑

j=0

{E[(∥g(ujN )∥4+∥ujN∥4)τ ]m2 } 2
m

)m
2

≤Cτ m
2

(M−1∑
j=0

(E sup
0≤j≤M−1

∥ujN∥2m)
2
m

)m
2

≤Cτ
M−1∑
j=0

E sup
0≤j≤M−1

∥ujN∥2m. (3.18)

Hence, (3.11) and (3.18) imply

E sup
0≤n≤M−1

∥un+1
N ∥2m≤CE∥u0N∥2m+CTm+CE

(
τ

M−1∑
j=0

∥∆uj+1
N −∆ujN∥2

)m

+CE

[M−1∑
j=0

∥g(ujN )∆W j∥2
]m

+CE sup
0≤n≤M−1

∣∣∣∣ n∑
j=0

(g(ujN )∆W j ,ujN )

∣∣∣∣m

≤CE∥u0N∥2m+CTm+Cτ

M−1∑
j=0

E sup
0≤j≤M−1

∥ujN∥2m. (3.19)

Hence, the discrete Gronwall inequality implies

E sup
0≤n≤M−1

∥un+1
N ∥2m≤C(∥u0∥,T,K,m). (3.20)

Furthermore, we also have

E sup
0≤n≤M−1

∥un+1
N ∥2m+E

(M−1∑
j=0

∥∆uj+1
N ∥2τ

)m

≤C(∥u0∥,T,K,m). (3.21)
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We need the following lemma to prove a stronger stability result for the sake of
convergence analysis.

Lemma 3.1. Let vj ∈dom((−AN )
1
2 ). Then,∥∥∥∥τ n∑

j=1

(−AN )
3
2En−j+1

N vj

∥∥∥∥≤C∥∥∥∥ n∑
j=1

(−AN )
1
2 vjτ

∥∥∥∥; (3.22)

∥∥∥∥τ n∑
j=1

(−AN )2En−j+1
N vj

∥∥∥∥≤C sup
1≤j≤n

∥vj∥. (3.23)

Proof. Let ϕi,N is a set of eigenfunctions of −AN ., which are orthonormal in L2,
and let λi,N be its associated eigenvalue. Then, we first prove that

τ

n∑
j=1

λ2i,Nr(τλ
2
i,N )2n+2−2j ≤C (3.24)

by modifying some arguments from [25, Lemma 5.2]. For the case τλ2i,N ≤1, an appli-
cation of (3.5) gives

τ

k−1∑
j=0

λ2i,Nr(τλ
2
i,N )2k+2−2j ≤ τ

k−1∑
j=0

λ2i,Ne
−2c(tk+1−s)λ2

i,N

≤
∫ tk−1

0

λ2i,Ne
−2c(tk−1−s)λ2

i,Nds≤ 1

2c
; (3.25)

for the other case τλ2i,N >1, we easily have r(τλ2i,N )< 1
2 and

τ

k−1∑
j=0

λ2i,Nr(τλ
2
i,N )2k+2−2j ≤

k−1∑
j=0

r(τλ2i,N )2k+1−2j<

k−1∑
j=0

2−(2k+1−2j)≤ 2

3
. (3.26)

Thus, (3.24) is validated. For the first inequality, we have∥∥∥∥τ n∑
j=1

(−AN )
3
2En−j+1

N vj

∥∥∥∥2

≤
N∑
i=1

∣∣∣∣τ n∑
j=1

λi,Nr(τλ2
i,N )n+1−j((−AN )

1
2 vj ,ϕi,N )

∣∣∣∣2

≤
N∑
i=1

(
τ

n∑
j=1

λ2
i,Nr(τλ2

i,N )2n+2−2j

)(
τ

n∑
j=1

((−AN )
1
2 vj ,ϕi,N )2

)

≤C

∥∥∥∥ n∑
j=1

(−AN )
1
2 vjτ

∥∥∥∥2

. (3.27)

Similarly, from the proof of [25, Lemma 5.2],∥∥∥∥τ n∑
j=1

(−AN )2En−j+1
N vj

∥∥∥∥2

≤ sup
1≤j≤n

∥vj∥2
∥∥∥∥τ n∑

j=1

(−AN )2En−j+1
N

∥∥∥∥2

L(H)

≤ sup
1≤j≤n

∥vj∥2
(
τ

n∑
j=1

λ2
i,Nr(τλ2

i,N )n+1−j

)2

≤C sup
1≤j≤n

∥vj∥2. (3.28)
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Theorem 3.2. Let Assumptions 2.1-2.2 be fulfilled and γ≥2. Then,

max
k

∥ANu
k
N∥Lp(Ω;H)<∞, max

k
∥∆ukN∥Lp(Ω;H)<∞ ∀p≥1. (3.29)

Proof. At the beginning, let us prove an intermediate result.

E sup
0≤k≤M

|ukN |p1≤CE sup
0≤k≤M

∥(−AN )
1
2ukN∥p

≤CE sup
0≤k≤M

∥(−AN )
1
2Ek

NPNu0∥p

+CE sup
0≤k≤M

∥∥∥∥τ k∑
j=1

(−AN )
3
2Ek−j+1

N PNPf(u
j−1
N ))

∥∥∥∥p

+CE sup
0≤k≤M

∥∥ k∑
j=1

(−AN )
1
2Ek−j+1

N PNg(u
j−1
N )∆W j

∥∥p
≤C∥u0∥pLp(Ω;H1)+CE sup

0≤k≤M

∥∥∥∥τ k∑
j=1

(−AN )
3
2Ek−j+1

N PNPf(u
j−1
N ))

∥∥∥∥p

+C

(M−1∑
j=1

t
− 1

2

k+1−j(E sup
0≤k≤M

∥uj−1
N ∥p)

2
p τ

) p
2

. (3.30)

The first term is bounded by the assumption on initial condition and the third term is
bounded by Theorem 3.1, and the second term is bounded by using (3.22).

E sup
0≤k≤M

∥∥∥∥τ k∑
j=1

(−AN )
3
2Ek−j+1

N PNPf(uj−1
N ))

∥∥∥∥p

≤CE sup
0≤k≤M

∥∥∥∥k−1∑
j=0

(−AN )
1
2 f(uj−1

N )τ

∥∥∥∥p

. (3.31)

Moreover, using the Gargliardo-Nirengberg inequality and (2.15), we have

E sup
0≤k≤M

∥∥∥∥k−1∑
j=0

(−AN )
1
2 f(ujN )τ

∥∥∥∥p

≤E sup
0≤k≤M

[k−1∑
j=0

(∥(−AN )
1
2ujN∥+∥(−AN )

1
2 (ujN )3∥)τ

]p

≤CE sup
0≤k≤M

[k−1∑
j=0

(∥∆ujN∥+∥(ujN )2∇ujN∥)τ
]p

≤CE sup
0≤k≤M

[k−1∑
j=0

(∥∆ujN∥+∥ujN∥2L8∥∇ujN∥L4)τ

]p

≤CE sup
0≤k≤M

[k−1∑
j=0

(∥∆ujN∥+∥∆ujN∥ 3
2 ∥ujN∥ 3

2 )τ

]p

≤CE
[ M∑
j=0

(∥∆ujN∥2+∥ujN∥6)τ
]p
<C, (3.32)

where we used (3.21) in the last step.
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Therefore,

E sup
0≤k≤M

|ukN |p1<∞. (3.33)

Now, we are about to prove the result. It is clear that

∥ANu
k+1
N ∥Lp(Ω;H)

=∥ANE
k+1
N u0N∥Lp(Ω;H)+

∥∥∥∥ k∑
j=0

τA2
NE

k+1−j
N

1+τ∥∆f(ujN )∥2
PNf(u

j
N )

∥∥∥∥
Lp(Ω;H)

+

∥∥∥∥ k∑
j=0

ANE
k+1−j
N PNg(u

j
N )∆W j

∥∥∥∥
Lp(Ω;H)

. (3.34)

The first term is easily bounded by

∥ANE
k+1
N u0N∥Lp(Ω;H)≤∥u0∥Lp(Ω;H2) (3.35)

and by using (3.33) and Assumption 2.1 (with ν=1) and (2.5), we can estimate the
third term.

E

∥∥∥∥ k∑
j=0

ANE
k+1−jPNg(u

j
N )∆W j

∥∥∥∥p≤C( k∑
j=0

(E∥ANE
k+1−jPNg(u

j
N )∆W j∥p)

2
p

) p
2

≤C
( k∑

j=0

t
− 1

2

k+1−j(E∥(−AN )
1
2 g(ujN )∆W j∥p)

2
p

) p
2

≤C
( k∑

j=0

t
− 1

2

k+1−j(E∥g(ujN )∥p1)
2
p τ

) p
2

≤C
( k∑

j=0

t
− 1

2

k+1−j(E∥ujN∥p1+C)
2
p τ

) p
2

<∞. (3.36)

Using Theorem 3.1 and (3.23), the second term is bounded as follows:

τ

∥∥∥∥ k∑
j=1

(−AN )2En−j+1
N PNPf(uj−1

N )

∥∥∥∥
Lp(Ω;H)

≤C(E sup
0≤j≤k−1

∥f(uj
N )∥p)1/p

≤C

(
E sup

0≤j≤k
∥uj

N∥p+E sup
0≤j≤k

∥uj
N∥3p

L3p

)1/p

≤C

(
E sup

0≤j≤k
∥uj

N∥p+E sup
0≤j≤k

|uj
N |3p

H1

)1/p

<∞.

(3.37)

Consequently, max
k

∥ANu
k
N∥Lp(Ω;H)<∞, which also implies

max
k

∥∆ukN∥Lp(Ω;H)=max
k

∥PN∆ukN∥Lp(Ω;H)=max
k

∥ANRNu
k
N∥Lp(Ω;H)

=max
k

∥ANu
k
N∥Lp(Ω;H)<∞, (3.38)

where RN is the Ritz projection operator and ANRN =PN∆ (cf. [22, Page 11]).

The third stability result can be proved now.

Theorem 3.3. Let T >0, q≥1, γ≥2. There exists a constant C(T,q,∥u0∥) such that

E

[
sup

0≤k≤M−1
∥ukN∥q∞

]
≤C(T,q,∥u0∥). (3.39)
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Proof. We use Agmon’s inequality and Theorem 3.2 to derive that

E sup
0≤k≤M−1

∥ukN∥q∞≤CE
[

sup
0≤k≤M−1

∥ukN∥
q
2 ∥∆ukN∥

q
2

]
≤CE sup

0≤k≤M−1
∥ukN∥q+CE sup

0≤k≤M−1
∥∆ukN∥q ≤C(T,q,∥u0∥). (3.40)

Theorem 3.4. Let Assumptions 2.1-2.2 be fulfilled and γ≥2. Then,

max
k

∥∆f(ukN )∥pLp(Ω;H)≤C, ∀p≥1. (3.41)

Proof. By Theorem 3.3 and Theorem 3.2,

E∥∆f(ukN )∥p≤E∥(3ukN −1)∆ukN +6ukN |∇ukN |∥p

≤E[(3∥ukN∥p∞+1)∥∆ukN∥p+6∥ukN∥p∞∥∇ukN∥p]
≤CE[(1+∥ukN∥p∞)∥∆ukN∥p]

≤C
√
E∥ukN∥2p∞

√
E∥∆ukN∥2p≤C. (3.42)

In addition, we need the following temporal continuity of u(t).

Lemma 3.2 ([5, Theorem 3.1]). Assume Assumptions 2.1-2.2. Then,

∥u(t)−u(s)∥Lp(Ω;H)≤C(t−s)min{ 1
2 ,

γ
4 }. (3.43)

To achieve our strong convergence result, we introduce an auxiliary process ũnN ,1≤
n≤M (cf. [5, 25]), defined by

ũn+1
N = ũnN −τA2

N ũ
n+1
N −τANPNf(u(tn))+PNg(u(tn))∆W

n, ũ0N =PNu0. (3.44)

It has the following stability properties.

Theorem 3.5. Let ũnN be defined as (3.44). Then,

E[ sup
0≤n≤M−1

∥ũnN∥p]<∞,

E[ sup
0≤n≤M−1

∥ũnN∥p∞]<∞,

E∥AN ũ
n
N∥p<∞,

E∥ANf(ũ
n
N )∥p<∞.

Proof. The proofs of the these four inequalities are almost the same as those of
Theorems 3.1, 3.3, 3.2, and 3.4. So we omit them here.

4. Error estimates
We now use the stability results established in the last section to carry out an error

analysis.

Lemma 4.1. The following estimates hold:

∥(E(tj)−Ej
NPN )v∥≤C(N−β+τmin{1, β4 })∥v∥β , v∈Hβ . (4.1)
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Proof. The result is the counterpart of the estimate for FEM spatial approximation
(cf. [13, Theorem 2.2]) by a slight modification and we omit it here.

Theorem 4.1. Let γ≥2 and Assumptions 2.1-2.2 be fulfilled. Let u(t) and ũnN be
solutions of (1.2) and (3.44) respectively. Then, there exists a constant C independent
of N and τ such that

∥u(tn)− ũnN∥Lp(Ω;H)≤C(N−γ+τ
1
2 ).

Proof. We follow along the lines of [25] to prove the result. Note that a simi-
lar auxiliary process introduced in [25] based upon fully-implicit scheme for stochastic
Cahn-Hilliard equation with additive noise is

ũn+1
N = ũnN −τA2

N ũ
n+1
N −τANPNf(u(tn+1))+PN∆Wn, ṽ0N =PNu0. (4.2)

Comparing (3.44) with (4.2), the proof of convergence rate is similar as that of [25]
except that the following two additional terms emerging from the difference between
our tamed scheme and full-implicit scheme used in the aforementioned work, and the
difference between additive noise and multiplicative noise. For the difference of drift
term, an application of Lemma 3.2 gives

τ

∥∥∥∥ n∑
j=1

ANE
n−j+1
N PN (f(u(tj)−f(u(tj−1))))

∥∥∥∥
Lp(Ω;H)

≤Cτ
n∑

j=1

t
− 3

4
n−j+1

∥∥(1+∥u(tj)∥21+∥u(tj−1)∥21)∥u(tj)−u(tj−1)∥
∥∥
Lp(Ω;R)

≤Cτ
n∑

j=1

t
− 3

4
n−j+1(1+∥u(tj)∥2L2p(Ω;H1)+∥u(tj−1)∥2L2p(Ω;H1))∥u(tj)−u(tj−1)∥L2p(Ω;H)

≤Cτmin{ 1
2 ,

γ
4 } (4.3)

and for the stochastic term, we have by Lemma 2.1 and (4.1),∥∥∥∥ n∑
j=1

∫ tj

tj−1

(E(tn−s)g(u(s))−En−j+1
N PNg(u(tj−1))dW (s)

∥∥∥∥
Lp(Ω;H)

≤
∥∥∥∥ n∑
j=1

∫ tj

tj−1

E(tn−s)(g(u(s))−g(u(tj−1))dW (s)

∥∥∥∥
Lp(Ω;H)

+

∥∥∥∥ n∑
j=1

∫ tj

tj−1

(E(tn−s)−En−j+1
N PN )g(u(tj−1))dW (s)

∥∥∥∥
Lp(Ω;H)

≤C
( n∑

j=1

(
E

∥∥∥∥∫ tj

tj−1

E(tn−s)(g(u(s))−g(u(tj−1)))dW
Q(s)

∥∥∥∥p) 2
p
) 1

2

+C

( n∑
j=1

(
E

∥∥∥∥∫ tj

tj−1

(E(tn−s)−En−j+1
N PN )g(u(tj−1))dW

Q(s)

∥∥∥∥p) 2
p
) 1

2

≤C
( n∑

j=1

([∫ tj

tj−1

E∥g(u(s))−g(u(tj−1))∥2L0
2
ds

] p
2
) 2

p
) 1

2
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+C

( n∑
j=1

([∫ tj

tj−1

E∥(E(tn−s)−En−j+1
N PN )g(u(tj−1))∥2L0

2
ds

] p
2
) 2

p
) 1

2

≤C
( n∑

j=1

∫ tj

tj−1

E∥u(s)−u(tj−1)∥2ds
) 1

2

+C

( n∑
j=1

∫ tj

tj−1

E∥(E(tn−s)−En−j+1
N PN )g(u(tj−1))∥2L0

2
ds

) 1
2

:=A1+A2. (4.4)

It is readily observed from Lemma 3.2 and (4.1) that

A1≤Cτmin{ 1
2 ,

γ
4 }. (4.5)

By Assumption 2.1, one has

∥g(u(tj))∥Lp(Ω;Hγ)<∞. (4.6)

Hence, (4.1) implies

A2≤C(N−γ+τmin{ 1
2 ,

γ
4 }). (4.7)

Therefore, we can conclude that (cf. [5, 25])

∥ũn+1
N −u(tn+1)∥Lp(Ω,H)≤∥ũn+1

N −uN (tn+1)∥Lp(Ω,H)+∥uN (tn+1)−u(tn+1)∥Lp(Ω,H)

≤C(τmin{ 1
2 ,

γ
4 }+N−γ). (4.8)

For the convenience of proof, we define en=u(tn)−unN , ẽn= ũnN −unN ,1≤n≤M .

Theorem 4.2. Let Assumptions 2.1-2.2 be fulfilled and γ≥2. Then,

E|ẽn+1|2p−1+E

[
τ

n∑
k=0

|ẽk+1|21
]p

≤C(N−2γp+τmin{p, γp
2 }). (4.9)

Proof. Note that

ẽn+1− ẽn+τA2
N ẽ

n+1=−τANPN

(
f(u(tn))−

f(unN )

1+τ∥∆f(unN )∥2

)
+PN (g(u(tn))−g(unN ))∆Wn,

ẽ0=0. (4.10)

Multiplying both sides by 2A−1
N ẽn+1 yields

∥ẽn+1∥2−1−∥ẽn∥2−1+∥ẽn+1− ẽn∥2−1+2τ∥ẽn+1∥21

=−2τ

(
f(u(tn))−

f(unN )

1+τ∥∆f(unN )∥2
, ẽn+1

)
+2(PN (g(u(tn))−g(unN ))∆Wn,A−1

N ẽn+1)

:=2A−1+2B−1. (4.11)

The estimate of A−1 can be proved by following [8, Theorem 5.2]. Using Lemma 2.6
and the one-sided Lipschitz condition of −f :

−(f(u)−f(v),u−v)≤L∥u−v∥2, u,v∈L6(O),
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we can derive

A−1=−τ(f(u(tn))−f(ũnN ), ẽn+1)−τ(f(ũnN )−f(unN ), ẽn+1− ẽn)−τ(f(ũnN )−f(unN ), ẽn)

− τ2∥∆f(unN )∥2

1+τ∥∆f(unN )∥2
(f(unN ), ẽn+1)

≤ τ

4
|ẽn+1|21+τ |(−AN )−

1
2 (f(u(tn))−f(ũnN ))|2+ 1

4
|ẽn+1− ẽn|2−1

+τ2|f(ũnN )−f(unN )|21+Lτ∥ẽn∥2+
τ2

4
|ẽn+1|2−1+τ

2∥∆f(unN )∥4|f(unN )|21

≤ τ

4
|ẽn+1|21+Cτ(1+ |u(tn)|41+ |ũnN |41)∥u(tn)− ũnN∥2+ 1

4
|ẽn+1− ẽn|2−1+Lτ∥ẽn∥2

+
τ2

4
|ẽn+1|2−1+τ

2∥∆f(unN )∥4|f(unN )|21+τ2|f(ũnN )−f(unN )|21. (4.12)

For B−1, we have

B−1=−((−AN )−
1
2PN [g(u(tn))−g(unN )∆Wn],(−AN )−

1
2 (ẽn+1− ẽn))

−((−AN )−
1
2PN [g(u(tn))−g(unN )∆Wn],(−AN )−

1
2 ẽn)

≤ 1

2
|ẽn+1− ẽn|2−1+

1

2
∥(−AN )−

1
2PN (g(u(tn))−g(unN )∆Wn)∥2

+((−AN )−
1
2PN [g(u(tn))−g(unN )∆Wn],(−AN )−

1
2 ẽn). (4.13)

Therefore, rearranging these terms and using the estimate ∥ẽn∥2≤C|ẽn|−1|ẽn|1 lead
to (

1− τ2

4

)
|ẽn+1|2−1+

1

4
|ẽn+1− ẽn|2−1+

7τ

4
|ẽn+1|21

≤(1+Cτ)|ẽn|2−1+Cτ [(1+ |u(tn)|41+ |ũnN |41)∥u(tn)− ũnN∥2]+τ2[∥∆f(unN )∥4|f(unN )|21]

+τ2|f(ũnN )−f(unN )|21+∥(−AN )−
1
2PN (g(u(tn))−g(unN )∆Wn)∥2

+((−AN )−
1
2PN [g(u(tn))−g(unN )∆Wn],(−AN )−

1
2 ẽn)+

τ

2
|ẽn|21. (4.14)

Applying Lemma 2.4 with A2
n= |ẽn|2−1 and B2

n= |ẽn|21 gives

|ẽn+1|2−1+τ

n∑
k=0

|ẽk+1|21≤ τ
n∑

k=0

(1+Cτ)n−k(1+ |u(tk)|41+ |ũkN |41)∥u(tk)− ũkN∥2

+τ2
n∑

k=0

(1+Cτ)n−k(∥∆f(ukN )∥4|f(ukN )|21+ |f(ũkN )−f(ukN )|21)

+

n∑
k=0

(1+Cτ)n−k((−AN )−
1
2PN [g(u(tk))−g(ukN )∆W k],(−AN )−

1
2 ẽk)

+

n∑
k=0

(1+Cτ)n−k∥(−AN )−
1
2PN (g(u(tk))−g(ukN )∆W k)∥2. (4.15)

A simple computation implies that

(1+Cτ)n≤eCnτ ≤eCT , n≤M. (4.16)
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Hence, we take p-th power on both sides and then expectation to have

E|ẽn+1|2p−1+E

[
τ

n∑
k=0

|ẽk+1|21
]p

≤CE
(
τ

n∑
k=0

(1+ |u(tk)|41+ |ũkN |41)∥u(tk)− ũkN∥2
)p

+CE

(
τ2

n∑
k=0

(∥∆f(ukN )∥4|f(ukN )|21+ |f(ũkN )−f(ukN )|21)
)p

+CE

( n∑
k=0

((−AN )−
1
2PN [g(u(tk))−g(ukN )∆W k],(−AN )−

1
2 ẽk)

)p

+CE

( n∑
k=0

(∥(−AN )−
1
2PN (g(u(tk))−g(ukN ))∆W k)∥2

)p

:= I1+I2+I3+I4. (4.17)

By Cauchy-Schwartz inequality and Theorem 4.1, I1 can be estimated as follows.

I1≤C

√√√√E

[
τ

n∑
k=0

(1+ |u(tk)|41+ |ũkN |41)2
]p√√√√E

[
τ

n∑
k=0

∥u(tk)− ũkN∥4
]p

≤C(N−2γp+τmin{p, γ2 p}). (4.18)

I2 can be easily bounded by using our stability results Lemma 3.2, Lemma 3.4 and
Lemma 3.5.

I2≤Cτp. (4.19)

Appealing to Lemma 2.1 and the elementary inequality (x+y)
2
p ≤x

2
p +y

2
p ,x,y≥0,∀p≥

2,

I3≤C
( n∑

j=0

[E(|(−AN )−
1
2PN (g(u(tj)−g(ujN ))∆W j ,(−AN )−

1
2 ẽj)|p]

2
p

) p
2

≤C
( n∑

j=0

{E[(∥g(u(tj)−g(ujN ))∥4−1+∥ẽjN∥4−1)τ ]
p
2 }

2
p

) p
2

≤C
( n∑

j=0

{E[(∥u(tj)− ũjN ))∥4−1+∥ẽjN∥4−1)τ ]
p
2 }

2
p

) p
2

≤C
(
τ

n∑
j=0

{E∥u(tj)− ũjN )∥2p−1+E∥ẽjN∥2p−1}
2
p

) p
2

≤C
(
τ

n∑
j=0

(E∥u(tj)− ũjN )∥2p−1)
2
p +(E∥ẽjN∥2p−1)

2
p

) p
2

≤Cτ
n∑

j=0

E∥u(tj)− ũjN )∥2p−1+Cτ

n∑
j=0

E∥ẽjN∥2p−1

≤C(N−2γp+τmin{p, γp
2 })+Cτ

n∑
j=0

E∥ẽjN∥2p−1. (4.20)
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Similarly, by the standard Burkholder-Davis-Gundy inequality [6, Page 114], Lemma
2.5 and (2.5), we have

I4≤np−1
n∑

k=0

E∥(−AN )−
1
2PN (g(u(tk))−g(ukN ))∆W k)∥2p

≤Cτ
n∑

k=0

E∥(−AN )−
1
2PN (g(u(tk))−g(ukN ))∥2pL0

2

≤Cτ
n∑

k=0

E∥(−AN )−
1
2PN (g(u(tk))−g(ukN ))∥2p

≤Cτ
n∑

k=0

E∥(g(u(tk))−g(ukN ))∥2p−1

≤Cτ
n∑

k=0

E∥u(tk)−ukN∥2p−1

≤C(N−2γp+τmin{p, γp
2 })+Cτ

n∑
j=0

E∥ẽjN∥2p−1. (4.21)

Combining the estimates of I1-I4, and substituting them into (4.17) leads to

E|ẽn+1|2p−1+E

[
τ

n∑
k=0

|ẽk+1|21
]p

≤C(N−2γp+τmin{p, γp
2 })+Cτ

n∑
j=0

E∥ẽj∥2p−1. (4.22)

The discrete Gronwall inequality implies the desired result.

Theorem 4.3. Let Assumptions 2.1-2.2 be fulfilled and γ≥2 and u(t) and unN be
solutions of (1.2) and (3.3) respectively. Then, there exists a constant C independent
of N and M such that

∥u(tn)−unN∥L2(Ω;H)≤C(τ
1
2 +N−γ), t>0. (4.23)

Proof. Clearly,

∥un+1
N −u(tn+1)∥L2(Ω,H)≤∥ũn+1

N −u(tn+1)∥L2(Ω,H)+∥un+1
N − ũn+1

N ∥L2(Ω,H), (4.24)

and we only need to bound the second term.
Recall from (4.10) that

ẽn+1− ẽn+τA2
N ẽ

n+1= τANPN

(
f(u(tn))−

f(unN )

1+τ∥∆f(unN )∥2

)
+PN (g(u(tn))−g(unN ))∆Wn,

ẽ0=0.

We rewrite it in equivalent form

ẽn+1= τ

n∑
k=0

ANE
n−k+1
N PN

(
f(u(tk))−

f(ukN )

1+τ∥∆f(ukN )∥2

)

+

n∑
k=0

En−k+1
N PN (g(u(tk))−g(ukN ))∆W k.



150 AN IMEX METHOD FOR STOCHASTIC CH EQUATION

Hence,

∥ẽn+1∥L2(Ω;H)≤ τ
n∑

k=0

∥ANE
n−k+1
N PN (f(u(tk))−f(ũkN ))∥L2(Ω;H)

+τ

n∑
k=0

∥ANE
n−k+1
N PN (f(ũkN )−f(ukN ))∥L2(Ω;H)

+τ2
n∑

k=0

∥ANE
n−k+1
N PNf(u

k
N )∥∆f(ukN )∥2∥L2(Ω;H)

+

n∑
k=0

∥En−k+1
N PN (g(u(tk))−g(ukN ))∆W k∥L2(Ω;H)

:=

4∑
i=1

Ii. (4.25)

We estimate these terms in turn.

I1≤Cτ
n∑

k=0

t
− 1

2

n−k+1∥f(u(tk))−f(ũ
k
N )∥L2(Ω;H)

≤Cτ
n∑

k=0

t
− 1

2

n−k+1∥u(tk)− ũ
k
N∥L4(Ω;H)(1+∥u(tk)∥2L8(Ω;L∞)+∥ũkN∥2L8(Ω;L∞))

≤C(N−γ+τmin{ 1
2 ,

γ
4 }).

We follow along the lines of [25] to prove I2 by modifying some arguments. Using the
result of Theorem 4.2, (2.22) and our stability results,

I2≤
∥∥∥∥τ n∑

k=0

t
− 1

4

n−k+1∥(−AN )
1
2PNP (f(ũ

k
N )−f(ukN ))∥

∥∥∥∥
L2(Ω;R)

≤
∥∥∥∥τ n∑

k=0

t
− 1

4

n−k+1|ẽ
k|1(1+ |ũkN |21+ |ukN |21+∥ũkN∥2∞+∥ukN∥2∞)

∥∥∥∥
L2(Ω;R)

≤
∥∥∥∥(τ n∑

k=0

|ẽk|21
) 1

2
(
τ

n∑
k=0

t
− 1

2

n−k+1(1+ |ũkN |41+ |ukN |41+∥ũkN∥4∞+∥ukN∥4∞)

) 1
2
∥∥∥∥
L2(Ω;R)

≤
∥∥∥∥τ n∑

k=0

|ẽk|21
∥∥∥∥ 1

2

L2(Ω;R)

∥∥∥∥τ n∑
k=0

t
− 1

2

n−k+1(1+ |ũkN |41+ |ukN |41+∥ũkN∥4∞+∥ukN∥4∞)

∥∥∥∥ 1
2

L2(Ω;R)

≤C(τmin{ 1
2 ,

γ
4 }+N−γ).

and

I3≤ τ2
n∑

k=0

t
− 1

2

n−k+1∥f(u
k
N )∥L4(Ω;H)∥∆f(ukN )∥2L8(Ω;H)≤Cτ.

Finally, by the Ito isometry and (2.5),

I24 =E

∥∥∥∥ n∑
k=0

∫ tk

tk−1

En−k+1PN

(
g(u(tk))−g(ukN ))dWQ(s)

∥∥∥∥2
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≤
n∑

k=1

∫ tk+1

tk

E∥u(tk)−ukN∥2dσ

≤C(τmin{1, γ2 }+N−2γ)+Cτ

n∑
k=0

E∥ẽk∥2. (4.26)

Gathering the above estimates and substituting into (4.25), we obtain

E∥ẽn+1∥2≤C(τmin{1, γ2 }+N−2γ)+Cτ

n∑
k=0

E∥ẽk∥2. (4.27)

Then, the discrete Gronwall inequality gives the result.

5. Efficient implementation and numerical results
We shall describe how to implement the full discretization efficiently, and present

several numerical results to validate the scheme and theoretical estimates.

5.1. Efficient implementation. We describe below our polynomial based full
discretization algorithm. A key observation from our semi-discretization is that the stiff
matrix and mass matrix resulted can be diagonalized simultaneously (cf. [21, Chapter
8]). To fix the idea, we set O=[−1,1]2.

Let Lm(x) be the Legendre polynomials on [−1,1] and

ϕm(x)=
1√

−bm(4m+6)
(Lm(x)+bmLm+2(x)), m≥0,

where bm=−m(m+1)/((m+2)(m+3)). Then, [21, Chapter 4] gives (ϕ′i,ϕ
′
j)= δij and

∂ϕm

∂x

∣∣
x=±1

=0. Furthermore, the mass matrixM =mij =(ϕi,ϕj) is penta-diagonal whose
non-zero elements are

mij =mji=


2

2i+1
+b2i

2

2i+5
, j= i,

b2i
2

2i+5
, j= i+2.

(5.1)

Take the eigen-decomposition of M ,

ME=EΛ

with E=(ejk), Λ=diag(λ0,λ1,· ·· ,λN−2). Then, we construct basis functions

ψk(x)=

N−2∑
j=0

ejkϕj(x), (5.2)

which have powerful properties:

(ψ′
k,ψ

′
j)= δkj , (ψk,ψj)=λjδkj .

Let us denote

un+1
N =

N−2∑
m,k=0

cn+1
mk ψm(x)ψk(y),C

n+1=(cn+1
mk )m,k=0,1,···,N−2;
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µn+1
N =

N−2∑
m,k=0

dn+1
mn ψm(x)ψk(y),D

n+1=(dn+1
mk )m,k=0,1,···,N−2;

fnmk=

∫
O
f(unN )ψm(x)ψk(y)dxdy, F

n=(fmk)
n
m,k=0,1,···,N−2;

gj1j2mk =

∫
O
g(unN )ej1j2(x,y)ψm(x)ψk(y)dxdy,G

n
j1j2 =(gj1j2m,k )m,k=0,1,···,N−2. (5.3)

Taking ϕ=ψ=ψi(x)ψj(y),i,j=0,··· ,N−2 in (3.1b) leads to
Λ(Cn+1−Cn)Λ=−τ(ΛDn+1+Dn+1Λ)+

J∑
j1,j2=1

√
qj1j2G

n
j1j2

∆βn
j1j2

,

ΛDn+1Λ=(ΛCn+1+Cn+1Λ)+
1

(1+τ∥∆f(unN )∥2)
Fn.

(5.4)

For convenience of computation, we follow the spirit of [21, Chapter 8] and rewrite (5.4)
as 

Λ⊗Λ(un+1−un)=−τ(Λ⊗I+I⊗Λ)µn+1+
J∑

j1,j2=1

√
qj1j2 g̃

n
j1j2

∆βn
j1j2

,

Λ⊗Λµn+1=(Λ⊗I+I⊗Λ)un+1+
1

(1+τ∥∆f(unN )∥2)
f̃n,

(5.5)

where un and µn are vectors of length (N−1)2 formed by columns of Cn and Dn

respectively, and f̃n and g̃n
j1j2

are vectors formed by Fn and Gn
j1j2

, and ∆βn
j1j2

∼N(0,τ).

The system (5.5) is a diagonal system for (un+1,µn+1) so it can be easily solved. The
main computational costs are the evaluation of Fn and Gn

j1j2
which can be efficiently

approximated by the Gauss-Legendre quadrature.

5.2. Numerical experiments. In this subsection, three numerical experiments
are provided to illustrate the theoretical results claimed in the previous sections.

Example 5.1. Consider the following 1-d Cahn-Hilliard-Cook equation on the time
domain 0≤ t≤T =0.1:

du=
∂2µ

∂x2
dt+dWQ(t),

∂u

∂x

∣∣∣∣
x=0,1

=0, x∈ I=(0,1),

µ=−∂
2u

∂x2
+(u3−u), ∂µ

∂x

∣∣∣∣
x=0,1

=0,

u(0,·)=cosπx

and we take

WQ(t)=

∞∑
j=1

√
qj cos(jπx)βj(t).

To measure the spatial error, we run K=1024 independent realizations for each
spatial expansion terms with N =12,14,· ·· ,20 and temporal steps τ =T/221 and trun-
cate the first 100 terms in WQ(t). Noting that the noise is additive, we can avoid
the expensive numerical quadratures for Gn

j1j2
in (5.3) by using the following identities

(cf. [19, Page 433]): ∫ a

0

sinbxL2n+1(x/a)dx=(−1)n
√

πa

2b
J2n+ 3

2
(ab),∫ a

0

cosbxL2n(x/a)dx=(−1)n
√

πa

2b
J2n+ 1

2
(ab),
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where J is the Bessel function of the first kind.

Since the true solution is unknown, we take the numerical approximation when
τ =T/221 and N =100 as a surrogation. Moreover, the error E∥uMN −u(0.1)∥ is approx-
imated by

E∥u(T )−uMN ∥≈

√√√√ 1

K

K∑
k=1

∥uMN (ωi)−u(tm,ωi)∥2. (5.6)

In this case, A and Q commute and we examine the condition ∥(−A)
γ−2
2 Q

1
2 ∥HS<∞

(cf. [25]) and consider the following two cases Q=(−A)−1.5005 and Q=(−A)−3.5005

respectively, which are associated with γ=3 and 5. One can observe from Figure 5.1
that the spatial error decays O(N−4) and O(N−5) for these two cases, which agrees
with our theorem prediction. Similarly, In order to find the temporal error convergence
rate, we froze N =100 and take time steps τ =27,28,· ·· ,211 and truncate the first 100
terms in WQ(t). A surrogate of true solution is obtained for N =100 and τ =T/221.
Figure 5.2 demonstrates that the temporal error decays at a rate about O(τ).
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Fig. 5.1. Spatial errors of 1-d Cahn-Hilliard-Cook equation with (left): qj = j−3.001 and (right)
qj = j−7.001.

It is well-known that a temporal strong convergence rate of O(τ) can be obtained
by using Euler’s method for SDEs. One may also obtain this rate by Euler’s method
for some SPDEs [23]. In this example, we can also observe this phenomenon for CHC
equation.

Example 5.2. Next, we consider the 1-d stochastic Cahn-Hilliard equation with multi-
plicative noise:

du=
∂2µ

∂x2
dt+

1−u2

1+u2
dWQ(t),

∂u

∂x

∣∣∣∣
x=0,1

=0, x∈ I=(0,1),

µ=−∂
2u

∂x2
+(u3−u), ∂µ

∂x

∣∣∣∣
x=0,1

=0,

u(0,·)=cosπx

and the remaining settings are exactly the same as those in Example 5.1.
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Fig. 5.2. Temporal errors of 1-d Cahn-Hilliard-Cook equation with (left): qj = j−3.001

and (right): qj = j−7.001.

We choose K=192 and Q=(−A)−1.5005, and N =100,τ =T/218 as parameters for
surrogation of true solution since numerical quadrature for Gn

j1j2
of (5.3) has to be

performed in this case. From Figure 5.3, one clearly observes a rate of O(τ3/4) and
O(N−2) for temporal and spatial errors, respectively, which are slightly better than our
prediction of Theorem 4.3.
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Fig. 5.3. Temporal and Spatial errors of 1-d stochastic Cahn-Hilliard equation with multiplicative
noise.

Example 5.3. Consider the following 2-d stochastic Cahn-Hilliard equation:

dϕ=κ1∆µdt+κ2g(ϕ)dW
Q(t),

∂µ

∂n

∣∣∣∣
∂Ω

=0

µ=−ϵ∆ϕ+ 1

ϵ
F ′(ϕ),

∂ϕ

∂n

∣∣∣∣
∂Ω

=0



C. HUANG AND J. SHEN 155

ϕ(0)=ϕ0, (5.7)

where ϵ=1,κ1=1/40, κ2=20, g(ϕ)=sin(ϕ),0≤ t≤T =0.1 and

WQ(t)=

10∑
j1,j2=1

1/(j21 +j
2
2)cos(j1πx)cos(j2πy)βj1,j2(t).

In the experiment, we choose K=192 in (5.6) to measure the error. In order to find
the spatial convergence rate, we choose the approximation for N =50 and τ =T/2048 as
a surrogate of true solution for spatial convergence rate. From Figure 5.3, we can clearly
observe a spatial convergence rate of approximately O(N−3.5) for N =7,9,11,13 and 15.
Similarly, we froze the numerical approximation of N =50 and M =2048 as a surrogate
of true solution and temporal convergence rate O(

√
τ) for τ =1/24,1/25,· ·· ,1/29 can

be observed from Figure 5.4.
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Fig. 5.4. Numerical errors of 2d stochastic C-H equation.
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