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A TAMED IMPLICIT-EXPLICIT SCHEME FOR STOCHASTIC
CAHN-HILLTARD EQUATION DRIVEN BY MULTIPLICATIVE NOISE*

CAN HUANG! AND JIE SHEN?

Abstract. A fully discrete implicit-explicit scheme for stochastic Cahn-Hilliard equation driven by
multiplicative noise in a two-dimensional setting is considered in this paper. The spatial discretization
is a polynomial based spectral method and the temporal discretization is a tamed semi-implicit scheme
which treats the nonlinear term explicitly. We show that the scheme is unconditionally stable under
various norms, and establish optimal strong convergence rates. We also present numerical experiments
to validate our theoretical results.
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1. Introduction
We consider the following Cahn-Hilliard equation perturbed by multiplicative noise
du= Apdt+G(u)dWO(t), € O CR?,

ou op (1.1)
% = % = O,x S 807
U(O,'):UQ(ZIJ),

in a separable Hilbert space H(Q) equipped with norm ||-||, where A is the Neu-

mann Laplacian operator, and F and G are Nemytskii operators defined by F(u)(§):=

Fu(€)) =u(€)? —u(€),G(u)(€) :=g(u(§)), £€€O respectively, W?(t) is the Q-Wiener
process on the probability space (Q,F,{F;}i>0,P) defined by (cf. [20])

W)= vajesBs 1)

where j3;(t) are independent standard Wiener processes, {e;}52; are orthonormal basis
of L?(0), which are not necessarily eigenfunctions of A in O. Note that if the noise is
additive, i.e. g(u)=1, the Equation (1.1) reduces to the well-known Cahn-Hilliard-Cook
(CHC) equation.

We recall that for p>1 and some € (0,3/2) depending on smoothness of noise,
(1.1) admits a unique mild solution (cf. [2])

u(t):emzuo—/te(tS)AQAf(u(s))ds—F/te(ts)A2g(u)dWQ(s), a.s. (1.2)
0 0

provided that ug(z) € HY(O). Furthermore, E sup |ju(t)|%, <C (cf. [4,5]).
t€[0,T)
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The main goals of this work are (i) to study the spatial regularity of (1.2), (ii)
to propose an unconditionally stable tamed scheme with a spectral approximation in
space for (1.1); and (iii) to carry out a stability and error analysis of the full discretized
scheme.

We now briefly describe our approach and main results. First, we note that optimal
spatial regularity of stochastic CHC equation has been obtained in [25]. Following
a similar approach, our first step is to show that the solution we LP(Q;C([0,T],H?))
under Assumptions 2.1-2.2 below (see Theorem 2.1), where v is the largest constant
that makes these assumptions fulfilled. Applying (—A)Z on both sides of (1.2), one
easily obtains
2
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2
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The bound of the first term is trivial if ug is sufficiently smooth and that of the second
term can be derived by divide and conquer technique. The bound of the last one heavily
relies on generalized Gronwall’s inequality so as to ease a regularity restriction of g in
Assumption 2.1, which is consistent with its additive counterpart (||(—A)7772Q% s <
00).

In the aspect of temporal discretization, an essential difficulty in designing efficient
algorithms for stochastic Cahn-Hilliard equation resides in its nonlinear term: an im-
plicit treatment leads to a nonlinear system to solve at each time step, while an explicit
treatment may lead to stability issues and also significantly increases the difficulties in
analysis. A tamed method, which treats the nonlinear term explicitly, has been used
for solving stochastic ODEs with locally Lipschitz conditions (cf. [9,26]), and more re-
cently, for solving stochastic Allen-Cahn equations (cf. [8,24]). Following this manner,
we propose the following tamed time discretization for (1.1):

un—i—l —y" :TAun+1 +g(U”>AWn,

1 Al
a ST Yo T EACR

where AW =W®(t,,1) —W%(t,) ~N(0,Q7). The above scheme only requires solving
a linear equation with constant coefficients at each time step for each sample, on the
other hand, fully implicit schemes, which require solving a nonlinear equation at each
time step for each sample, are widely used in literature [5,15,17,25].

The spatial discretization for (1.3) is based on a Legendre-Galerkin method [21]
with a set of specially constructed Fourier-like discrete eigenfunctions of A (cf. [21]),
which are mutually orthogonal in both L?(O) and H'(0), as basis functions. Coupled
with the tamed scheme (1.3), our full discretized scheme is fully decoupled as the widely
used Fourier spectral method (cf. [3,5,11,12,24] etc), but has the following advantages:

e For problems with non-periodic boundary conditions, the Legendre-Galerkin
method can achieve faster convergence rate than the Fourier spectral method for
solutions with higher regularity, while Fourier spectral approximation may have
certain advantages for SPDEs with lower spatial regularity (cf. [3,11,12,24]).

e Using the Legendre-Galerkin method can circumvent the commutativity restric-
tion between the elliptic operator A and the covariance operator @ of W&(t)
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in (1.1) pointed out by Jentzen, Kloeden and Winkel [11]: The eigenfunctions
of the dominating linear operator and of the covariance operator of the deriving
additive noise process of the SPDE must coincide and must be known explicitly.

Let {u’fv}, where N is the highest degree of polynomials in the Legendre-Galerkin
method, be the solution of our fully discretized scheme (see (3.2) below), we shall show
that, under usual assumptions on g and wug, (3.2) is unconditionally stable in the sense
that

E| sup [u}ll%| <C(T.qllull), uweH(0)y>2, (1.4)
0<k<M-—1

where C'is a constant independent of M and N (see Theorem 3.3). This result controls
the growth of nonlinear term and also provides an essential ingredient for the conver-
gence analysis. With this stability result in hand, we shall prove the following strong
convergence result (Theorem 4.3):

E|u(t,) —uy|?<C(r+ N2, ~y>2. (1.5)

We point out that this error analysis is valid for d=2 but requires a more restrictive
stability result, i.e. Theorem 3.2-Theorem 3.4, compared with the tamed Legendre-
Galerkin scheme for stochastic Allen-Cahn equations (cf. [8]).

In summary, the main contributions of this work are as follows:

e We propose an implicit-explicit unconditionally stable fully discretized scheme
for (1.1). In each time step, we only need to solve an elliptic equation with
constant coefficients. Furthermore, by using suitable basis functions, our fully
discretized scheme can be fully decoupled;

e We establish optimal convergence rate in both space and time by exploring
regularity of the exact solution u(t) € H” under usual assumptions;

e Our scheme avoids the commutativity restriction [11] on the elliptic operator
A and covariance operator @ of W& (), which is assumed in most of existing
works on spectral methods for stochastic Cahn-Hilliard or stochastic Allen-Cahn
equation. Hence, its range of applications is significantly enlarged.

The outline of this paper is as follows. In Section 2, some preliminaries including our
main assumptions and optimal spatial regularity for solutions of (1.1) are presented.
In Section 3, we present our fully discretized scheme and show it to be unconditionally
stable in various norms. In Section 4, we derive an optimal convergence result for our
fully discrete scheme under suitable assumptions. We present in Section 5 an efficient
implementation of our scheme followed by some numerical results to validate our scheme
and theoretical results.

2. Preliminaries

In this section, we present some key ingredients for our algorithm development and
convergence analysis.

2.1. Spaces and norms. We begin with notations. Denote H = Ly(O) with
normal inner product (-,-) and norm ||-||, and

H:{UEH:/ vdmz()}.
O
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Let P be the orthogonal projector from H to H. Then
(I-P= |(9|_1/ vdx
o

is the average of v.

Since A is a negative definite, self-adjoint, unbounded, lineZar operator on H with
compact inverse, it generates an analytic semigroup E(t)=e~*4" ¢ >0 on H. Moreover,
—A has an orthonormal basis with corresponding eigenvalues {\; };-”;0 satisfying

0=A <A1 <A< A <-eey Aj—>o00.

In particular, the first eigenfunction is a constant, which is |O|7*/2 (cf. [15]). Conse-

quently, the fractional powers of (—A) and its domain H":=dom((—A)%) for all r€R

can be defined. In particular, (—A)"v= Z Ni(v,ej)ej,v € dom(—A)". Thus, the associ-
=

ated semi-norm is given by

ol = (= A) o] = (ZAT (v65) |2) (2.1)

Then, the following inequalities hold (cf. [18, Theorem 6.13], [25]).

(i) For any >0, it holds that
(—A)E(t)z=E(t)(—A)"z, for xe H*,

and there exists a constant C such that

I(—AY E@)| <Ct 5, t>0; (2.2)
(ii) For any 0<r <2, there exists a constant C such that
I(—A) " (E@) - D <Ct5, >0, (2.3)

When the domain of A is extended to H, it is understood that for ve H

Av=APv, and

oo
E(t) v—e*m2 Ze (v,ej)ej+(v,e0)eo :PeftAQU—F(I—P)v. (2.4)

j=1

Let Vi be the space of polynomials with degree < N. We define VN = PVy, that

VN:{'I}NEVN:/ ’UNdl':O}
(@]

and we define the “discrete Laplacian” Ay :Vy —Vy by

is,

7(ANUN,U)N) = (VUN,VU)N), vy € Vy,wn € V.

Clearly, Axn is negative definite, self-adjoint on Vi and its eigenvalues {—)\jw};'v:o
satisfy

0=XN<AM NS XN~ <ANN.
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Let Py :H — Vy be the standard L? projection, so is Py ‘H— VN.
Let U and V be two Hilbert spaces. We denote the norm in LP(Q,F,P;U) b
|| . HLP(Q;U), that iS,

1Y e i) = (E[HYHPU])%a Y e LP(Q, F,P;U).

Denote by £1(U,V) the nuclear operator space from U to V and for T € £1(U,V), its
norm is given by

T e, =Y |(Tesei)u| and Tr(T)=> (Tes,ei)u
i=1

=1

for any orthonormal basis {e;} of U. In this work, we assume that W®(t) is of trace
class, i.e. Tr(Q)<oo. Let Lo(U,V) be the Hilbert-Schmidt space such that for any
TeLs (U, V)

1/2

||T||Hs||T||L2<U,v>(ZHT@F) <.
=1

Following [16], we introduce the space Up:=Q2 (U) together with its inner product

_1 _1
(u0,v0)v, = (Q 2u0,Q ™ 2vo)y, Vuo,vo € Up.

Furthermore, we introduce the notations £9:=Ls(Uy, H) with its norm
1
1Tl ey =11TQ> |2y, m), VYT E€L(UH)
and L9, = L5(Up, H") with its norm

ITllzy, = I(=A)ET || g

REMARK 2.1.  Since G is a Nemytskii operator induced by g and W (t) is of trace-
class, one can have

o0

G )29 = 9(w)Q¥ [2: = 3 (9(w)Q% ;) qu P<Tr(Qllg(w)] (25)

Jj=1

We shall start with the Burkholder-Davis-Gundy inequalilty for a sequence of H-
valued discrete maringales (cf. [10,14]).

LEMMA 2.1.  Let p>2 and {Z,,} be a sequence of H-valued random variables with
bounded p-moments such that E[Z,,11|Z0, -+, Zm] =0 for all L<m <N —1. Then there
exists a constant C=C(p) such that

(v

m

>z

=0

1
2

) sc(i(EnZinp)?)) . (26)

=0
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2.2. Inequalities.  The following lemmas are indispensable ingredients for our

stability and convergence analysis.

LEMMA 2.2 (Generalized Gronwall inequality [7]). Let T>0 and C1,C2>0 and let
u(t) be a monnegative and continuous function and §>0. If the following inequality
holds

u(t)§C’1+C’2/O (t—s5)P"Tu(s)ds, (2.7)

then there exists a constant C=C(T,Cq,[) such that

u(t) <CCy. (2.8)

LEMMA 2.3 (Discrete generalized Gronwall inequality [7]).  For 7>0, denote t;=
Jjr.j=1,---,M with MT=T. Let C1,C2>0 and let {¢; }]le be a sequence of nonnegative
numbers. If for € (0,1], we have

Jj—1

¢; <Ci+Cor Y t5 1. (2.9)

=1
Then,
¢] S 0(017027T75)'

LEMMA 2.4.  Let A,,By,r, be sequences of nonnegative numbers with Ag= By=0.
For given Cy, >0, if for each k,

7T
Ap ) — (14 Com) AR+ A1 — Ak + — Bk+1<TTk+ Bk, (2.10)

then

A2+1+TZBk<TZ 14 Cor)" Fr2, (2.11)
k=1 k=0

Proof. Lowering the index k in (2.10) by 1, we find
2 2 2, 1T o 2 Y
Ak - (]- +CO7_)A]€,1 + |Ak - Ak71| + ZBk S T?‘k,1 + §Bk‘71‘ (212)
Multiplying (2.12) by (14 Cy7) and summing up with (2.10) gives

1
7
Api—(1+Cor)* AR, +Z(1 +Com)! | Ak—r41 — An—i*+ ZTB;?.H
1=0

1
7T T T
+ {Z(Hcor)— 5}32 ST;(HCOT)%,%,ZJriB,%,l. (2.13)
Repeating this process for k=1 to n, we can arrive at

n+1+z 1+Co7') |Ap—kt+1— An— k| + Br2L+1
k=0

+Z{ (1+Co7) —§:|(1+Co7')n ’“Bk<TZ 14+ Cor)*r2_y, (2.14)

k=0
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which implies the desired result. ]
LEMMA 2.5 ([8]).  There exist positive constants ¢ and co independent of N and T
such that

all(=An)"on [ <[[(=A) on | < coll(=An)Ton]l, —5 <7< (2.15)

1 1
2 2
2.3. Spatial regularity of u(t). We first describe some essential assumptions.

AssuMPTION 2.1 (Linear growth and Lipschitz condition).  The mapping g(v) satisfies

lg(u)lleg, <c(U+lull), ueH"(O), (v=0,1,7=2+¢7)
and

lg(w) = g(@)llzg, <cllu=vl, u,ve H*(O), (v=-1,0).

AssuMPTION 2.2 (Initial condition). The initial condition uy is Fo/B(H?)-
measurable and

Elluoly <C, p=2.

We now proceed to exploit the regularity of (1.2) under these assumptions.
Note that various spatial regularities have been established under the conditions
—2
[(=A)™ = Q2| s < oo (cf. [15,25]) for additive noise case.

THEOREM 2.1.  Let Assumptions 2.1-2.2 be fulfilled and let O be a bounded convex
spatial domain with smooth boundary. Then, for any p>2, the unique mild solution
u(t) of (1.1) satisfies

sup Ellu(t)[} <C, v>0,
t€[0,T)

where v is the largest constant allowed by Assumptions 2.1 and 2.2.

Furthermore, sup El f(u(t))| sz~ <C provided vd>1.
te[0,7]

Proof. We start with (1.2). For any ¢ >0,

ol
2

[0y < -4 E Ol g+ | ()7 [ Ble-0)A 7wt

Lr(Q;H)
t
+ H(—A)%/ E(t—0)g(u(0))dW® (o) . (2.16)
0 Lp(H)
The assumption on ug: €2 — H?Y implies the bound for the first term
HE(t)(—A)%uoHLP(Q;H) <||uol| o) < C. (2.17)

For the last term in (2.16), we have by Assumption 2.1

s

(NS

E(t=0)g(u(e))dW (o)

Lr(Q;H)
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<co | (B)(~A)F B(t - o)g(u(o) f‘;gﬁda)é

1
y—24¢

<o) [ 1A o)) guion i) ar)

1
e—2 2

o( [ =07 @lgtatonity, , )Fiv)

IN

1
2

IN

C(/Ot(t—a)ef(C—f—EH(u(a))’Zgﬁ2+5)’2’d0)

t 3
SC(/O (tcr)2||u(a)||%p(9;H7)d0) +C, (2.18)

where € >0 is arbitrarily small.

Therefore, we only need to bound the second term in (2.16). To this end, we consider
~ in different intervals and conquer each in turn. The case v € (0,1] has been covered
in [4,5].

(i) Case y€(1,2),

< [ (=) F IS oo <.
0
(2.19)

H(—A)Z/OtE(t—a)Af(u(a))da

Lr(Q;H)

Therefore, u(t) € LP(; H) by the generalized Gronwall’s inequality (Lemma 2.2) using
(2.17),(2.19) and (2.18). Since y> 1, we have H?(O) is a Banach algebra for d=1 or 2
(cf. [1, Page 106]). Hence, supE||f(u(t))||7 < oco.

¢

(i) Case y=2.
From the previous case, one has u(t) € LP(Q; H#) and supE|| f(u(t))||% < oc. There-
¢ 1

fore,
\ / APE(t— 5) f(u(s))ds]| = / ()R E(t—5)(— A)F f(u(s))ds
0 0
go/o (t—s)’l%Hf(u(s))||Lp(Q;H%)ds<C. (2.20)

Therefore, u(t) € LP(2; H?) and supE|| f(u(t))||5 <oo by the similar reason as in the
t

previous case .
(iii) Case y€(2,4).
By virtue of the results of case (ii),

We repeat the above process for arbitrarily large v as long as both (2.17) and (2.18)
hold or Assumptions 2.1 and 2.2 hold.
The proof is completed. ]

t
< [ =) (0o e <.
(2.21)

/0 (—~A)} B(t—0)Af (u(0))do

Lr(Q;H)
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For later use, we present a local Lipschitz continuity for the nonlinear f.
LEMMA 2.6. Ford=1,2 and y>1,
1(=An)™2 Pu(f(w) = F@)I < CO+ [l + oD ]u—v], uveH (O); (2.22)
1(=An)% Py (f () = F)I| < CO+[ul2 + [0 + [Jull + [ol|Z) fu—v]r, u,v e HY(O).  (2.23)
Proof. The first inequality can be found in [15] and we only prove the second one.
By using (2.15) and the embedding H' < L4, where ¢ is large
1
[(=AN)? Pn(f (u) = ()| SCIV(f (w) = f(0))]l
<OV (u—v)(w? +uv+v?)[|+Cll(u—v)V (0 +uv+2v?)]|
< Clu—vli([Jull3 +[[v]I3) + Cllu—v] o [uVu+uVo+vVut+ Vo] o
< Clu—v|i([full3 + l[vlI3) + Clu—vli (Julf+]o]D), (2.24)

where we have computed

’U2 u 2
[uTol] o = [T e <ol oo < 90 4 10

(2.25&

3. Stability analysis
We first discretize the scheme (1.3) in space using a mixed weak formulation as
follows:

(upt! —uly,8) = -7 (V' Vo) + (g(up ) AW™,¢), VoeVy (3.1a)

(W 0) = (A 0) + (PIuR)4), VeV, (3.1D)

1
(L+7l[Af(uR)]?)

where the discrete spaces are described in the last section. We shall establish an un-
conditional stability result for (3.1a)-(3.1b), which turns out to be more restrictive and
more involved compared with its fully-implicit counterpart (cf. [5,15,17,25]).

Similar as [15,25], with Ay and Py in our hands, we can rewrite the above equation
into abstract form

k+1 k k+1 TANPNI f(u?v) Kk k
Uy T —u —TA - P Un VAW 3.2
N N — 1 7—”2](-(”7]%])”2 N[g( N) ] ( )

or

tr En—k-‘rlA PyvP k—1
ul = ENPNuO—Z NIN f(“{j ) ds
b LHTIAf(ui Y

n the

+>° ER L py[g(uf ) dw 9 s)], (3.3)
k=1Ytk-1
where E% = (I +7A%)~",1<n <M, which is an approximation of e~ tn AR,
It is obvious that
N
ENPyo=Y (147X} n) " (Pnv,¢5,n) 5,8
=0
N
1+T)\J N) (Pnv,djN)di N+ — ] / vdx = PENPyv+ (I — P)v. (3.4)

j=1
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Here, ¢; n are eigenfunctions of —Ax.

Denote by r(z):=(1+2)"!, and we can have E"=r(7A%,)". Furthermore, from
(cf. [22, Theorem 7.1]), there exist constants C' and ¢ such that

[r(2) —e 7| <C22, |r(2)|<e™ %, Vze[0,1]. (3.5)

Similar to [22, Lemma 3.9], one also has the following smoothing property

_ K
[(=AN)"ERyn|| <Ctn * [lynll, yn€Vn. (3.6)
We next prove our first unconditional stability property of the scheme.

THEOREM 3.1.  The scheme (3.1a)-(3.1b) is unconditionally stable in the sense that

E sup [[uf[|*™ <C(|luoll, T,K,m), V m>1.
0<n<M

Proof. The proof is divided into two steps.
Step 1: Choosing ¢=u"" —u% in (3.1a) and ¥ =TA(uj™" —u%) in (3.1b), and
carrying out integration by parts lead to

[l = |2 = =7 (V™ V(™ —ul) + (9(up ) AW uift™ — ),
— (Vs V (it —uy)) = —1(Auy™  Au™ — Auly)

A rap AR k). ()

Adding up these two identities gives
gyt =y 2+ AR P+ S At — Augy]?

T n n n n n n
:§||AUN||2+(9( NAW™ it —uf) + ||2(Af(UN) uftt —uf)

T
1+7|[Af(uy)

T A S (uf)|?
< —[|AUE |2+ |l g(uy) AW ™2 + "H 2y TS ONIE 3.8
Therefore,
gt = a2 7 Ay Ay
<7||Au ||? +2||g(u) AW™ || 4-27. (3.9)

Summing over n implies

T||Au7V+1||2+rZ|\AuJ+1 A2 <22||g VAW |2 42T + 7] Aud 2. (3.10)
7=0
Taking m-th power and then expectation on both sides, we have

B(r | A [Py B (Zw“ Aw)

7=0

<CE (Z lg(uhy ) AW ||2) +CT™ + CE(7]| Aui||*)™
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n™m" 1EZHg JAWI ||P™ 4 O

M—1
<C7‘EZ||g WP +Cc<Cr Z E sup |lui]*"+C, (3.11)
=0 =0 0<j<M-1

where we have used Assumption 2.1 (with ¥ =0) in the last step.
Step 2: Similarly, choosing ng:uK,H in (3.1a) and @ZJ:TAU’}VH in (3.1b) implies
(IIU”HH2 luf |l + lunt = u|*) = =7 (Vay™ Vuy™) + (g(ui ) AW, uith),

T

1+7]|Af (uf)]?
Let us handle the drift term next. By the Gargliardo-Nirenberg inequality,

— (Vi Vu™) = —7|| Aujtt )2 + (Pf(uly), Auy™). (3.12)

(), V) = 7|V |2~ 3r (Ve Vedy) < 7V
< Orllu || Auk ]| < Ol I+ - | A2
<Orllugy |+ 2 Ayt P+ T Aug - A (3.13)

Adding up the equations in (3.12), we have by Assumptions 2.1-2.2

(H NP = 1+ gt =R ) + 7| Aut
T n n n n n
ZW(VJC(UN%VUNH)+(9(UN)AW ),
—T 41 T

:W(Vﬂu%)ﬁ(u% —uRn)) — W(vf(u%)avu%)

+(g(up) AW ulf™ —u) + (g (i ) AW™ uy),

1

T n n n T n
(PATRIE + I =) 1?) + Crlu 2+ S A0 2

<
T 1T A (uR)I?
HAU"“ Auiy|* + [lg(up ) AW™|* + IIU"+1 up[? + (g(uRk ) AW™ ufy)
T
<7+ IIU"H—U’fv||2+CTII1/fv||2+§||Au’fv“H2+§||Au7fv“—Au}””vll2
+lg(uR) AW (2 + (g (ul ) AW™ uly). (3.14)

Denote by B=1+C1. Using the elementary inequality 1+x <e*, x>0 gives

T n
B" = <1+(’]:4> <eT n<M. (3.15)

Hence, summing over n in (3.14) leads to
llupI? +TZB" Yl Auy < B Jude|® +2TZB" “ﬁan Tl Auy — Ay ||*
j=0 7=0 j=0

+ZB" MNguh)AW? | +ZB" I (g(uly) AW udy). (3.16)

=0
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Next, we take m-th moment on both sides of (3.16) and obtain

sup [|uy "

0<n<M-—1

M-—1 m M-1 m
<C||uN||2m+CTm+C[Z||9 AWJQ} +C<T | Aul - Aug'v||2>
j=0 j=0
Z TVAW )

j=0

+C  sup

(3.17)
0<n<M-1

Since (g(uh )AWJ u%;) are martingales independent from each other, we have by the
discrete BDG inequality (Lemma 2.1),

E sup
0<n<M-—1

> (glup) AW uly)

J=0

M—1 . o .
gc( T [E<|<g<u3V>AW%u3V>me)

7=0

n ’ m
m
2

m .y 2 %

<c (Z{E (lgu |4+uN>]2}m)

M—1 _ A\E
gcf?(Z@ sup ||u§V||2m>m)

5 0<i<M-1

M—1

<CTt E su wl |12, 3.18
<CrY B s Ik (3.18)

Hence, (3.11) and (3.18) imply

i

-1

E sup |uitP™ <CE|ul|*™+CT™+CE (T

m
Auﬁl A, 2)
S | wll

I
o

J

+0E{Z||g AWJ|2} +CE  sup | > (g(uly) AW, u})

‘ m

0<n<M-1|5=5
M-1 ‘
<OE|[ul||*™ +CT™ +CT Z E sup [uly]*™. (3.19)
j=0 OSJS -
Hence, the discrete Gronwall inequality implies
E sup |ulP™ <O(u), T, K,m). (3.20)
0<n<M—1
Furthermore, we also have
M-—1 ) m
E sup ||ux+1||2m+E< > ||Au”1\;r1||27) < C(|Jug||, T, K,m). (3.21)
0<n<M—1

=0
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We need the following lemma to prove a stronger stability result for the sake of
convergence analysis.

LEMMA 3.1. Letv;€ dom((—An)?2). Then,

Y (—AN)FEN Ty < Z N)2; (3.22)
j=1 =1

Y (AN EY )| <C sup [lug). (3.23)
j=1 sJ=n

Proof. Let ¢; n is a set of eigenfunctions of —Ap., which are orthonormal in L?,
and let \; y be its associated eigenvalue. Then, we first prove that

TZA NT(TAZ y)TEE < C (3.24)

by modifying some arguments from [25, Lemma 5.2]. For the case T)\?’N <1, an appli-
cation of (3.5) gives

k—1 k—1

2 2 \2k4+2—2j 2 —2c(tpy1—9)A?
TE /\Z-,NT(T)\Z"N) STi Ai e (k1 =8)Ai N
j=0 j=0

th—1 2 1
< / A2 ye 2t =Nin g < — (3.25)
o , 2c

for the other case TA? ;> 1, we easily have r(7A7 y) < 1 and

k—1 k— k—1

T A Nr 7_)\2 2k+2 2 7_)\2 2k+1 2] < 2 (2k+1 2]) g (326)
Z b Z Z -3
7=0 7=0 7=0

Thus, (3.24) is validated. For the first inequality, we have

n

™Y (AN By Tty

2 2

(T2 ) (= An) B, i)

= i=1
N n ) n N
SZ (TZ)\ZZ’N’F(T}\?’N)Q”JFQ_QJ) <TZ((—AN)51]J',¢Z',N)2)
S\ T =
) 2
)2v (3.27)
Similarly, from the proof of [25, Lemma 5.2],
n ) 2 n ) 2
Ty (—AN)’EN Ty Ty (—AN)’ERTT!
j=1 j=1 L(H)
< sl (7 ZA?,M(TA?,N)“M) <O sup sl (3.28)
1<j<n - 1<j<n
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THEOREM 3.2. Let Assumptions 2.1-2.2 be fulfilled and v>2. Then,
m]?xHANu]fVHLp(Q;H) < 00, m]?XHAuf\,HLp(Q;H) <oo Vp>1. (3.29)

Proof. At the beginning, let us prove an intermediate result.

E sup |uf[f<CE sup [|(—An)2u|?

0<k<M 0<k<M
<CE sup [(~An)?EYPyuol?
0<k<M
k , ‘ ‘ »
+CE sup TZ(—AN)iE]’ifJHPNPf(ugV’I))
0<k<M Il S
k
+CE sup ||Z (—An)> Ek I Pag(uly AWJHP
0<k<M i
k p
<C||u0||LP(QH1 +CE sup Z Ek jJrlP Pf( ))
0<k<M Il ST
M1 , N
+O< t 2 (E sup |l tP pr> . 3.30
g ciry(B sup 1) (3.30)

The first term is bounded by the assumption on initial condition and the third term is
bounded by Theorem 3.1, and the second term is bounded by using (3.22).

k . . P k= P
E sup TZ(—AN)%EZ_JHPNPf(u?V_I)) <CE sup Z % uwly )Tl . (3.31)
o<k<M || o<k<M || 4=
Moreover, using the Gargliardo-Nirengberg inequality and (2.15), we have
k—1 p
o
B, s, [ S am ks
0<k<M —0
k—1 D
1 1
<E sup [ (1= Ax) b+l (— An ) (o >3||>r]
0<k<M Lz
rk—1 ) p
<CB sup | S (a4 1) 1]
o<k<M L=
k . . . p
<CE s |3 Al + i | )7
o<k<M L=
rk—1 p
; T S -
<CE sup <|Auiv||+Au§V||2||u3v||2>T}
o<k<M L5
M ‘ ‘ P
<CE| (a2 + [ 17| <. (3.32)
j=0

where we used (3.21) in the last step.
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Therefore,

E sup |uf]?<oo. (3.33)
0<k<M

Now, we are about to prove the result. It is clear that

||ANU];V+1|‘LP(Q;H)

k k+1—j
TALENT T ,

Z Py f(uy)

:”ANE;CVJrlu(J)V”LP(Q;H)"‘

=0 1+ 7| Af(uly)]2 Lp(QH)
> ANENTT Pyg(uly) AW (3.34)
=0 Lr(;H)
The first term is easily bounded by
AN EX ] Loy < luoll Lo(o:m2) (3.35)

and by using (3.33) and Assumption 2.1 (with v=1) and (2.5), we can estimate the
third term.

k , P k _ _ _ )
E||Y ANEMT Pyg(uly) AW gO(Z(E||ANEk+1JPNg(ugv)AWﬂHp)p)

3=0 j=0
k _1 1 . . 2 % k 1 . 2 %
<C(Ztkﬁ1_j<E<—AN>2g<u3V>AWJP)p) <C(Ztkﬁl_jmng(ux)ul)w)
§=0 §=0
2\ 2
(Ztkﬂ —j (Eflui [} +C)7 ) < o0. (3.36)
Using Theorem 3.1 and (3.23), the second term is bounded as follows:
k .
Z EN T Py Pf(uy ) <C(E sup | f(ud)I")”
= LP(QH) 0<j<k—1
1/p ) ] 1/p
(E sup [+ B sup [k (%, ) <C(B s [P+ B sup 35 ) <o
0<j<k 0<j<k
(3.37)

Consequently, m]?xHANu?\,HLp(Q;H) < 0o, which also implies

m]?JX HAU?VHLp(Q;H) :mkaX”PNAU?VHLP(Q;H) :mkaXHANRNquV HL:D(Q;H)
zm]?XHANquVHLp(Q;H) <00, (338)
where Ry is the Ritz projection operator and Ay Ry =PnyA (cf. [22, Page 11]). 0

The third stability result can be proved now.
THEOREM 3.3. Let T >0, ¢>1, v>2. There exists a constant C(T,q,||ugl|) such that

E| sup [Jukll%| <C(T.q lluoll)- (3.39)
0<k<M-1
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Proof. We use Agmon’s inequality and Theorem 3.2 to derive that

q q
E sup |[lukll% <CE| sup |[lufy|[|Aukl|?
0<k<M

0<k<M—1 _
<CE sup |uk|"+CE swp  [Auk)!<C(T.qlluol).  (3.40)
0<k<M—1 0<k<M—1
O
THEOREM 3.4. Let Assumptions 2.1-2.2 be fulfilled and v>2. Then,
ml?x||Af(u§€V)H’£p(Q;H) <C, Vp>1. (3.41)
Proof. By Theorem 3.3 and Theorem 3.2,
E[Af(uf)|P <E||(Buy —1)Auf +6uf [Vuy||”
<E[Bluf 1% + Dl Auk [P+ 6] uf |12 [ Vuli 7]
< CE[(1+ [[uf[|B) | Auly]|”]
<C\Elluk 2Bl Ak [ < C. (3.42)
O
In addition, we need the following temporal continuity of u(t).
LEMMA 3.2 ([5, Theorem 3.1]). Assume Assumptions 2.1-2.2. Then,
() = u(s) || Lo(sm < C(t—s)mn{z30, (3.43)

To achieve our strong convergence result, we introduce an auxiliary process @j,1 <
n<M (ct. [5,25]), defined by

Tt =ay — T AR AN — TAN PN f(u(tn)) + Prg(u(t,)) AW™, 4% = Pyug.  (3.44)

It has the following stability properties.
THEOREM 3.5. Let 4%, be defined as (3.44). Then,

E[ sup [Jay "] <oo,
0<n<M-—1

E[ sup [layx 5] <oo,
0<n<M-—1

E[|Ayaf|[” <oo,
E|| Ay f(aR)[[” <oo.

Proof.  The proofs of the these four inequalities are almost the same as those of
Theorems 3.1, 3.3, 3.2, and 3.4. So we omit them here. ]

4. Error estimates
We now use the stability results established in the last section to carry out an error
analysis.

LEMMA 4.1. The following estimates hold:

I(E(t;) — B Py)ol| < C(N 0 4 7ot ih o5, ve HP, (4.1)
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Proof. The result is the counterpart of the estimate for FEM spatial approximation
(cf. [13, Theorem 2.2]) by a slight modification and we omit it here. d

THEOREM 4.1.  Let v>2 and Assumptions 2.1-2.2 be fulfilled. Let u(t) and a%; be
solutions of (1.2) and (3.44) respectively. Then, there exists a constant C' independent
of N and T such that

[ u(tn) =@l 1, iy S C(N T +73).

Proof. We follow along the lines of [25] to prove the result.  Note that a simi-
lar auxiliary process introduced in [25] based upon fully-implicit scheme for stochastic
Cahn-Hilliard equation with additive noise is

’U,%+1 —ﬂN 7'14]\,11,?[Jrl —TANPNf(u(th)) -I—PNAWn,@?V = Pyug. (42)
Comparing (3.44) with (4.2), the proof of convergence rate is similar as that of [25]
except that the following two additional terms emerging from the difference between
our tamed scheme and full-implicit scheme used in the aforementioned work, and the
difference between additive noise and multiplicative noise. For the difference of drift
term, an application of Lemma 3.2 gives

T ZANEZ_”lPN(f(U(tj)—f(U(tj—l))))

Lr(Q;H)

"3
<CTY A | )+ llult—0) 1) lu(t;) —ulti—D)M 1o eumy
j*l

<C%§jn_ﬁl1+wwwm§ﬂmHg+wquwﬁwmﬂ”nmanfu@fqmwwmm
< Crmm{aﬁz (4.3)

and for the stochastic term, we have by Lemma 2.1 and (4.1),

E(t, —s)g(u(s)) — Ex T Pang(u(t;_1))dW (s)

Lr(;H)

E(tn—s)(g(u(s)) —g(u(t;—1))dW (s)

Lr(Q;H)

+

EZlW<E@n7@fEx+“meww4»mvw>

(S0
{5 |

sc(éé({[fgwgmw»—gwojnnﬁw{Q)z);

Lr(;H)
)

— )= By Pr)g(ulty-1)) AW (s)

E(tn—s)(g(u(s)) —g(u(tj—1))dW?(s)

p>z>;

tjl
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P

+C<zn:({/tj E||(E(tnS)EJ’(,_j+1PN)g(u(tj_l))||igds} 2> >é

j=1 tj-1

T o

1

§C(_§njl /lenu(s)u(tj_1>||2ds)2

+C’<‘Z:1/.j E||(E(tn—s)—E;;j+1pN)g(u(tj1))||33d5)

tj—1

D=

Z:Al +A2 (44)

It is readily observed from Lemma 3.2 and (4.1) that

Ay <Cormindz il (4.5)

By Assumption 2.1, one has
llg(u(t) Lo (0 1y < 0. (4.6)

Hence, (4.1) implies
Ay <C(N™747min{s.3hy, (4.7)
Therefore, we can conclude that (cf. [5,25])
a5 = ultnia) loe@.m < NG —un (bng)l Lo.m) + lun (Engn) = w(tng) Lo .

<C(rmints 3t L N, (4.8)
0

For the convenience of proof, we define " =u(t,) —ul,e" =u} —uh,1<n<M.

THEOREM 4.2. Let Assumptions 2.1-2.2 be fulfilled and v>2. Then,

n p
E|e"t % 4B [TZ ék+1l?] <O(N=2 4 pminte ), (4.9)
k=0

Proof. Note that
~n—+1 ~n 2 ~n+1 __ f(“%) )
—e"+TA =—-TANP, te))— —— N
o= =P (ut) - T
+ Pr(g(u(tn)) —g(uy ) AW™,
&0 =0. (4.10)
Multiplying both sides by 24'é"+! yields

12y — [le™ 12y + flem —em||2y +2rle" T

f(ufy) ~ +1> —1xn+1
-9 ) — — L UN)_ and1) L o(p t)) — g(ul ) AW™, Axtent

= QA_l +2[B_1. (411)
The estimate of A_; can be proved by following [8, Theorem 5.2]. Using Lemma 2.6
and the one-sided Lipschitz condition of —f:

—(f(u) = f(v),u—v) <L|lu—v|? wu,veL’0),
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we can derive

Ay ==7(f(ultn)) = f(ay),e" ) = 7(f(ay) — ful),e" " =) —7(f(ay) — f(ui),€")

R LN G I
T rafaup) R

< TJe R 47— An)E (Flultn)) — FERDP+ gle —en 2,
()~ £ B+ L2 T 2y + A ) [ )

< TJen R 4 Or (1t ult) -+ ) () @ |7+ 716 =2+ Irfen?
TR A ) | )+ 7R - £ (4.12)

For B_;, we have

_ n)
< 1Em e I~ A) P (g(ult) —g(uf) AT P
+((=An) ™2 Palg(ultn)) — g(uf)AW™], (- Ax) " 2e"). (4.13)

Therefore, rearranging these terms and using the estimate ||¢"[|? < C|é"|_1|é"|; lead
to

T2 ~n 1 ~n ~n T ~n
(L= lent —e 2+l

<(1+CT)[e" 2y + CTI(1+ [utn) [} + A D) lu(tn) — @ 12+ T2 (1A F (uf)1*]f (ui ) [7)
+72|f () = F i)} + [ (—An) ™2 Pa(g(ulta)) — g(ul) AW™)|

+((—Ax) "2 Pulg(ulta) —g(uR) AW"], (—An) "5 + Z[e" 3. (4.14)

Applying Lemma 2.4 with A2 =|é"|?; and B2 =|e"|? gives

ey Y[R <Y (O R (L fulte) [+ [l (D) u(te) — a1

k=0 k=0
+72 Y (O RIA L@ Wl [F+ 1 F k) = Fuf)l)
k=0
+3 (1+CT)" R (—An) 72 Pylg(u(ty) — g(uf ) AW, (—Ay) =2 eF)
k=0
+ 3O E(—An) 2 Py (g(ulty) — g(uk) AW |2, (4.15)
k=0

A simple computation implies that

(1+CT)" <" <eT n< M. (4.16)
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Hence, we take p-th power on both sides and then expectation to have

n P n P
Ele" 2 +E[T2|é’““lﬂ <CE <TZ<1+ Ju(t) |1+ | |1 u(te) —ﬂ’fvll2)
k=0 k=0

+CE <72 S A S k)11 ()3 +1 (i) — f(“'ﬁr)l?))
k=0
JrOE(Z((AN);PN[g(U(tk)) —g(uy) AW*], (AN)éék)>
k=0

n

+0E(Z<<—AN>%PN<g<u<tk>> —g(uﬁvmw’fﬂ)

k=0

By Cauchy-Schwartz inequality and Theorem 4.1, I; can be estimated as follows.

n

p n p
R0, [Blr Y+ a4 102 | B|r S utt) -
k=0 k=0

< C(N~2P ypmin{p,3e}y, (4.18)

I5 can be easily bounded by using our stability results Lemma 3.2, Lemma 3.4 and
Lemma 3.5.

L<CrP. (4.19)

Appealing to Lemma 2.1 and the elementary inequality (Jc—&-y)% < zr —&—y% ,r,y>0,Yp>

135C(Z[E(|(—AN)_§PN(9(U(%)—g(?ﬂv))AWj,(—AN)‘%éﬂ')mi)2
§=0
§C<Z{E[(|g(u(tj)g(ug'v))||§1+|g§v||§1)7]§};‘:>2
j=0
<o S i) - HI + 1)
7=0
SC(TZ{EIIu(t )— @) | +El &1 )
7=0
SC(TZ(EIIU(%) %)H”’lﬁ+(E||é§v||2pl)§>2
§=0
<CTY _Elulty) — i) +Cm > E[ey [
j=0 j=0
<O rir ) 4O BN, (420)

Jj=0
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Similarly, by the standard Burkholder-Davis-Gundy inequality [6, Page 114], Lemma
2.5 and (2.5), we have

L<n? Y B|(=An)"E Pa(glulte)) — g(uk ) AWH) [
k=0

<07y B|(~An) "2 Pulglu(tn)) - g(ul)) %
k=0

<Oy E|(-Ay) "2 Pr(glu(ty) — g(ul)) >
k=0

<Or Y Bl (glu(te)) - glul)|™,
k=0

<C7Y Elu(ty) —uk |2
k=0

SC(N72P 4 minte 3 4 Oy B|E |17 (4.21)
j=0

Combining the estimates of I1-14, and substituting them into (4.17) leads to

n P n

E|é"“_%+E[rZék+l|%] <O(N-27 4o ) L 0SB, (422)
k=0 §=0

The discrete Gronwall inequality implies the desired result. ]

THEOREM 4.3.  Let Assumptions 2.1-2.2 be fulfilled and v>2 and u(t) and uf, be

solutions of (1.2) and (3.3) respectively. Then, there exists a constant C' independent

of N and M such that

u(tn) —unll 2o 00 SC(T%+N77), t>0. (4.23)

Proof. Clearly,

[y —ultnr1) | z2,m < Ay

—u(tns1) L2, + N — a8 2@m),  (4.24)

and we only need to bound the second term.
Recall from (4.10) that

~n+1 ~n 2 ~n+1 __ f(“?f) )
—e"+7A =TANP, th)) — ——————
eret—ensr et =rany o) - Ca f
+ Py (g(u(tn)) —g(ul)) AW™,
ep=0.
We rewrite it in equivalent form

én+1:TiANE]7\LI_k+1PN (f(u(tk)) f('U:?\/') >
k=0 L+ 7| Af(uk)?

+3 By Pa(g(ulty) - g(uly) AW
k=0



150 AN IMEX METHOD FOR STOCHASTIC CH EQUATION

Hence,

ez <7 I ANER " Py (f (ult) = F(@R)) | 2oy

k=0

+7 Y NANEY Py (F(a) — () 205
k=0
+72 3 AN B Py () IIAF ()12 2 6y
k=0

+ 3 BN Py (g(ultn) — g(ub ) AWE|| 20,01

k=0

4

=> I (4.25)

=1

We estimate these terms in turn.

L <Oyt I ulta) — 180 | c@umy

k=0

n
-3 ~k ~k
<OrS i) — i oo (1 (i) 3 ey + 1 5 r20))
k=0

<OV pminth )

We follow along the lines of [25] to prove I by modifying some arguments. Using the
result of Theorem 4.2, (2.22) and our stability results,

L<|rS td I (—Ax) PP (k) — (k)|

k=0

L2(QR)

n
_1 - - -
Tt S [ (LR [+ e 4+ [ 112 + ke [15)
k=0

1 n 1
2 1 2
~k -3 ~k k ~k k
( E e I1> (T§ :tn—2k+1(1+|uN|£1l+|uN|%+”uN”io+”uN”io))

IN

L2(4R)

<
k=0 L2(Q;R)
" 3
~k |2 -3 ~k k ~k k
< TZ|e 3 Ty ot e (U AR + [l [+ k1 + [l [12)
L2(Q;R) Il p—o L2(5R)

gohmm{avzmw).

and
I3<7'22tn k+1||f )| s [|AF (W) | s gy < O

Finally, by the Ito isometry and (2.5),

n tr 2

L=E|>
k=07 k-1

E" Py (g(ultn)) — g(uk)) AW (s)
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te41

<Z/ Blu(te) - |2do

< O(rmin{t.3} +N—27)+CTZE||ék‘|2. (4.26)
k=0

Gathering the above estimates and substituting into (4.25), we obtain

E||~n+1H2 SC(Tmin{l,%} +N—27)+CTZE||ék||2, (427)
k=0

Then, the discrete Gronwall inequality gives the result. ]

5. Efficient implementation and numerical results
We shall describe how to implement the full discretization efficiently, and present
several numerical results to validate the scheme and theoretical estimates.

5.1. Efficient implementation. = We describe below our polynomial based full
discretization algorithm. A key observation from our semi-discretization is that the stiff
matrix and mass matrix resulted can be diagonalized simultaneously (cf. [21, Chapter
8]). To fix the idea, we set O =[—1,1]2.

Let L,,(x) be the Legendre polynomials on [—1,1] and

1
Pm(x) = m@m(z) +bmLm2(x)), m=0,

where b, =—m(m+1)/((m+2)(m+3)). Then, [21, Chapter 4] gives (¢},¢)=d;; and

IR

8;2" »—4q =0. Furthermore, the mass matrix M =m;; = (¢i,¢;) is penta-diagonal whose
non-zero elements are
2
22 i
2i+1 i2ixs ) Th
2 . .
— =i+2.
vy T
Take the eigen-decomposition of M,
ME=FEA
with E=(ej,), A=diag(Ao, A1, -, An—2). Then, we construct basis functions
N—2
Ui (x) = Z ejkd;(z), (5.2)
j=0

which have powerful properties:

(Vs ¥3) =0ngs (Y, 005) = Njr-

Let us denote

uptt = Z I i (2) 0k (y), C" = (Pt mk=0,1, N —2;
m,k=0
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n+1 Z dn-i-l ( ) D+l — (dn+1)m,k20,1,---,N—2;

m,k=0

n = / F O Yo (2o (0 Ay, B = (Fre s ko

gfﬁiz:/(99(“7\1)€j1j2($,y)¢m($)¢k( )dxdy, G]Uz (gnllj]?;)mk =0,1,---,N—2- (53)

Taking ¢ =1 =1;(x)¥;(y),i,j=0,---,N —2 in (3.1b) leads to

A(Cn+1icn)A:7 (ADTL+1+DTL+1A)+ Z vV q]l]2Gg1j2 g1j2a
1 Ji,j2=1 (5'4)
AD" A = (AC™ T £ C"HIA) + F".
(L7 Af(uR)I?)
For convenience of computation, we follow the spirit of [21, Chapter 8] and rewrite (5.4)
as

AAT! —u™) = —7(ART+TRA) " + Z VTr5287 1 ABT 4,
1]1712 1 (5.5)

ntl_ n+1 n

ARA T =(AQT+T®A)u +(1+r\|Af(u;(,)||2)f ,
where u™ and p" are vectors of length (N —1)? formed by columns of C" and D"
respectively, and 7 and g} j, are vectors formed by F" and G ; , and A}, ~ N(0,7).
The system (5.5) is a diagonal system for (u"*1, u"*1) so it can be easily solved. The
main computational costs are the evaluation of F* and G” . which can be efficiently

Jijz
approximated by the Gauss-Legendre quadrature.

5.2. Numerical experiments. In this subsection, three numerical experiments
are provided to illustrate the theoretical results claimed in the previous sections.

ExAMPLE 5.1. Consider the following 1-d Cahn-Hilliard-Cook equation on the time
domain 0<t<T=0.1:

8 I ou

du=—Sdt+dW°(t), — =0,zel=(0,1
8 2 + () oz e—0.1 » T E ( ’ )7
0%u 3 o

H _ﬁ—’—(u _u>7 6? 170’1_07

and we take

Z q; cos(jmz)B;(t).

To measure the spatial error, we run K =1024 independent realizations for each
spatial expansion terms with N =12,14,---,20 and temporal steps 7=1T/22?! and trun-
cate the first 100 terms in W?(t). Noting that the noise is additive, we can avoid
the expensive numerical quadratures for G7 ; in (5.3) by using the following identities
(cf. [19, Page 433]):

2

T™a

/sinme2n+1(az/a)dx:(—1)" =7 Jon s (ab),
0 2b 2

™a

/cosbegn(x/a)d:r:(—l)n w7 Jang 1 (ab),
o 2b 2
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where J is the Bessel function of the first kind.

Since the true solution is unknown, we take the numerical approximation when
7=T/2% and N =100 as a surrogation. Moreover, the error E|u’ —u(0.1)|| is approx-
imated by

K
1
Bllu(T) —uy || ~ }leu%(wi)—u(tm,wi)llz (5.6)
k=1

In this case, A and @ commute and we examine the condition ||(—A)WT*2Q% l7rs < o0
(cf. [25]) and conmsider the following two cases Q= (—A)"159% and Q= (—A)73-500°
respectively, which are associated with y=3 and 5. One can observe from Figure 5.1
that the spatial error decays O(N~*) and O(N %) for these two cases, which agrees
with our theorem prediction. Similarly, In order to find the temporal error convergence
rate, we froze N =100 and take time steps 7=27,28 ... 211 and truncate the first 100
terms in WX(t). A surrogate of true solution is obtained for N =100 and 7=1T/22'.
Figure 5.2 demonstrates that the temporal error decays at a rate about O(7).

Spatial Egrors
T 10~

1072 : : : :
—%—— Our Method —%—— Our Method
! — — - Slope=-4 P — — - Slope=-5

—
o
=
=
[} 103}
S o

107
o "
(2] L ~
S N i
[<5) ~ ~
= S ~

~ ~N
~ ~N
~ N
~ 4 N
07 N 7
~N
~N
N
10 . . . . . .
12 14 16 18 20 12 14 16 18 20

Number of Expansion terms

FiG. 5.1. Spatial errors of 1-d Cahn-Hilliard-Cook equation with (left): q; =331 and (right)
:—7.001

q; =17

It is well-known that a temporal strong convergence rate of O(7) can be obtained
by using Euler’s method for SDEs. One may also obtain this rate by Euler’s method
for some SPDEs [23]. In this example, we can also observe this phenomenon for CHC
equation.

EXAMPLE 5.2. Next, we consider the 1-d stochastic Cahn-Hilliard equation with multi-
plicative noise:

0% 1—u? ou

=—dt Qt), — = I=(0,1

du 8w2d +1+u2dW (t), . 0,z€I=(0,1),
0%u 3 ou

T M

u(0,-) =cosmx

and the remaining settings are exactly the same as those in Fxample 5.1.
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Temporal Errors

10’3 T T
—%— Our Method
— — - Slope=-1 107+
=
g 104
5]
[<5)
o
[3+]
=]
5 10}
=
3
-5 L
10
=
-
10 10

27 28

Time steps

27 -8 29 >10 11

F1G. 5.2. Temporal errors of 1-d Cahn-Hilliard-Cook equation with (left): q; =;—3.001

and (right): q; =4—7.001,

We choose K =192 and Q = (—A)~1°%5 and N =100,7 =T/2'® as parameters for
surrogation of true solution since numerical quadrature for G7 ;, of (5.3) has to be
performed in this case. From Figure 5.3, one clearly observes a rate of O(73/%) and
O(N~2) for temporal and spatial errors, respectively, which are slightly better than our

prediction of Theorem 4.3.

Temporal Errors

1072
ki —%— Our Method
— — - Slope=-0.75
.
S
=
5]
[
2
3+
= \
2 \
& \
<)
= A
A\
N\
102 N1
26 27 28 29 210 211

Fic. 5.3.
noise.

EXAMPLE 5.3.

Time steps

2.5

12

<10 Spatial Errors

EN

—%— Our Method | ]
— — - Slope=-2

e

14 16 18 20

22 24

Degree of polynomial

Temporal and Spatial errors of 1-d stochastic Cahn-Hilliard equation with multiplicative

Consider the following 2-d stochastic Cahn-Hilliard equation:

do = k1 Apdt + rag(¢)dW (),

p=—eAp+ - F'(9),

9¢
on

o

onl,, "

o0

o0

=0
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$(0) = ¢o, (5.7)
where e=1,k1 =1/40, ko =20, g(¢) =sin(¢$),0<t<T=0.1 and
10
WO (t)= Y 1/(4i+73)cos(jimz) cos(jamy) B, o (1)-
Ji,J2=1

In the experiment, we choose K =192 in (5.6) to measure the error. In order to find
the spatial convergence rate, we choose the approximation for N =50 and 7 =T/2048 as
a surrogate of true solution for spatial convergence rate. From Figure 5.3, we can clearly
observe a spatial convergence rate of approximately O(N~3-%) for N =7,9,11,13 and 15.
Similarly, we froze the numerical approximation of N =50 and M = 2048 as a surrogate
of true solution and temporal convergence rate O(/7) for 7=1/2%1/25---,1/2° can
be observed from Figure 5.4.

Spatial Errors Temporal Errors

Mean square error

10"

1073

—%— Our Method
— — - Slope=-3.5

7 9
# of terms

11

13

15

0.018
0.016

0.014

0.012

0.008

0.006

0.004

E N

\
\
N\

—%— Our Method |

— — - Slope=-1/2

16

32

64 128
Time steps

256

512

FiG. 5.4. Numerical errors of 2d stochastic C-H equation.
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